MAGNETISATION MOMENT OF A BOUNDED 3D SAMPLE:
ASYMPTOTIC RECOVERY FROM PLANAR MEASUREMENTS ON A LARGE DISK

DMITRY PONOMAREV 12

ABSTRACT. Inverse magnetisation problem consists in inferring information about a magnetic source from measure-
ments of its magnetic field. Unlike a general magnetisation distribution, the total magnetisation (net moment) of the
source is a quantity that theoretically can be uniquely determined from the field. At the same time, it is often the
most useful quantity for practical applications (on large and small scales) such as detection of a magnetic anomaly in
magnetic prospection problem or finding the overall strength and mean direction of the magnetisation distribution
of a magnetised rock sample. It is known that the net moment components can be explicitly estimated using the
so-called Helbig’s integrals which involve integration of the magnetic field data on the plane against simple polyno-
mials. Evaluation of these integrals requires knowledge of the magnetic field data on a large region or the use of ad
hoc methods to compensate for the lack thereof. In this paper, we derive higher-order analogs of Helbig’s integrals
which permit estimation of total magnetisation components in terms of measurement data available on a smaller
region. Motivated by a concrete experimental setup for analysing remanent magnetisation of rock samples with a
scanning microscope, we also extend Helbig’s integrals to the situation when knowledge of only one field component
is necessary. Moreover, apart from derivation of these novel formulas, we rigorously prove their accuracy. The
presented approach, based on an appropriate splitting in the Fourier domain and estimates of oscillatory integrals
(involving both small and large parameters), elucidates the derivation of asymptotic formulas for the net moment
components to an arbitrary order, a possibility that was previously unclear. The obtained results are illustrated
numerically and their robustness with respect to the noise is discussed.

1. INTRODUCTION

Constant advances in magnetometry allow measurements of magnetic fields of very low intensities with high
spatial resolution. In particular, this opens new horizons in paleomagnetic contexts. Ancient rocks and meteorites
possess remanent magnetisation and thus might preserve valuable records of a past magnetic activity on Earth and
other planets, asteroids and satellites. Extraction of this relict magnetic information is a lucrative but challenging
task. Deducing magnetisation of a geosample hinges on effective processing of the measurements of the magnetic
field available in a nearest neighbourhood of the sample since the informative part of the field further away is very
weak and significantly deteriorated by noise. In particular set-ups of scanning SQUID (Superconducting Quantum
Interference Device) magnetometer or QDM (Quantum Diamond Microscope), measurements are available in a
planar area above the sample, in a close vicinity of it, and such measurements typically feature only one component
of the magnetic field. This is in contrast with more common settings that deal with magnetic fields of higher
intensity and hence could, on a methodological level, rely on the classical dipolar approximation of a sample valid
in a far-away region.

In the present work, we are concerned with recovery of the total magnetisation (the so-called net moment) of
a sample rather than dealing with reconstruction of the magnetisation distribution. While both inverse problems
are known to be ill-posed (as an inverse source problem for elliptic partial-differential equations) due to the lack
of continuous dependence of their solution on the input data (magnetic field measurements), the problem of re-
construction of the magnetisation distribution additionally lacks uniqueness of the solution in view of presence of
invisible (or “silent”) sources, i.e., magnetisations that do not produce magnetic field, see [4]. However, as it was
shown in [2] for planar (thin-plate) magnetisation distributions, and as follows from the general Helmholtz decom-
position [7], compactly supported invisible sources do not contribute to the net moment. This statement fixes the
non-uniqueness issue and makes the problem of net moment recovery a feasible task. In theory, this problem is
even solvable in a closed form when measurements are available on the entire plane above the sample. In reality,
however, the measurements are very limited and corrupted by the presence of noise which dominates the signal in
distant regions. Therefore, we arrive at the problem of estimating the net moment of a sample from a magnetic field
component available on some portion of the plane in proximity of the sample. We shall assume that this portion of
the plane is sufficiently large, for otherwise the instability of the problem, due to the already mentioned inherent

IFACTAS team, Centre Inria d’Université Cote d’Azur, France
2Contact: dmitry.ponomarev@inria.fr



ASYMPTOTIC RECOVERY OF THE NET MAGNETISATION OF A BOUNDED SAMPLE 2

ill-posedness, will be even more severe. On the other hand, this assumption on the large size of the measurement
area allows us to obtain explicit ready-to-use formulas.

We do not intend here to provide neither physical nor mathematical description of the problem in any detailed
fashion. Instead, we refer the reader to the set of previous publications [4, 14, 2, 6, 16, 11, 27, 15] and briefly
introduce basic concepts that allow us to be more specific in describing our main result and comparing it with
relevant works.

We should mention that the present setting is somewhat classical for problems in magnetometry or gravimetry
(i.e., detection of underground anomalous region from surveillance data), with a particularity here that only one
component is available for direct measurements. The obtained results hence should be useful beyond the laboratory
context of rock paleomagnetism, and the proposed methodology is clearly extendable to other particular set-ups.

We assume that the magnetic sample is described by a compactly supported vector distribution

M (Z) = (M (z1, 39, 23) , Mo (21, T2, 3) , M3 (21,29, 23))" ,  supp M C Q,

with some bounded set Q C R3.
The relation between the unknown magnetisation distribution M and the vertical component of the produced
magnetic field is

(1.1) B (f):;;///Q mv-ﬂ(ﬂ B, FeRNQ.

This latter quantity is experimentally measured on a portion of the horizontal plane at height x3 = h for some
constant h > 0 such that this plane does not intersect ), and it can be equivalently written as

(12) By (e h) = ///Q 3 (h —t3) [M1 (t,t3) (z1 — t1) + M2 (t,t3) (z2 — t2)] + M3 (t,t3) (2(h — t3)° — |x—t|2)d3t.

am (Ix — t)? + (h — t5)%)**

Here and onwards, we employ bold symbols to denote R? vectors, e.g., x = (71, xg)T while using & = (x1, xo, xg)T
for R3 vectors. When M is a distribution, the integral on the right-hand side of (1.2) should be understood as
a sum of three terms, each is the duality pairing of a compactly supported scalar distribution M7, Ms or M3
with the corresponding smooth function on R® (note that since the measurement plane does not intersect @, the
denominator is bounded away from zero and thus no singularities arise).

The geometry of the described setting is schematically shown in Figure 1.1. This corresponds, up to a truncation
of rectangular magnetic field map, to an experimental set-up of the Paleomagnetism lab at EAPS (Earth, Atmo-
spheric and Planetary Sciences) department, MIT (Massachusetts Institute of Technology), involving a SQUID
magnetometer, see [27]. Moreover, with an extra preprocessing step of the field data, this also extends to the QDM
magnetometer set-up used in the Paleomagnetism lab at Harvard University [11].

A quantity of basic physical interest is the net magnetisation moment:

(1.3) M = (my,mg,my)" = ///Q/\;i (7) d3x.

This is a constant R3 vector equal to the total magnetisation of the sample which can be determined uniquely,
unlike the complete magnetisation distribution M which essentially enters the expression for Bs through V -
M and hence can be changed by any divergence-free vector field without altering values of Bs, see (1.1) and
discussions in [4]. In what follows, we may interchangeably use slightly different names for m: net moment, net
magnetisation, zeroth-order algebraic moment of a magnetisation distribution. When M is not a regular function
but a distribution (generalised function), the integral in (1.3) should be understood componentwise as the duality
pairing of a compactly supported distribution with the constant function 1 on R3: m; = (M;, 1), j € {1,2,3}.

The present paper is dedicated to the explicit asymptotic estimation of the net magnetisation moment 7 from
measurements of the magnetic field B3 over a large planar area. In particular, as the measurement area, we have
taken the horizontal disk D4 of radius A located at height h above the magnetic sample. We formally derive
and prove that each of the quantities m1, mo and mg can be estimated by means of integration of the measured
magnetic field data Bs on D4 against an appropriate function. We obtain several of such estimates depending on
the asymptotic order (up to order 5 for mq, mq, and up to order 4 for mg), though this process could be continued
to obtain even higher order estimates. As it will be discussed, higher-order estimates do not make those of lower
order redundant because of different level of sensitivity to noise which is unavoidable in any realistic setting.

It should be mentioned that even though recovery of the net moment of a sample, our primary concern, is an
important practical problem on its own right, it can also serve, under appropriate assumptions, as a preliminary
step for the full magnetisation inversion (i.e., finding a magnetisation distribution M that would be consistent with
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FI1GURE 1.1. Schematic illustration of geometry of the problem arising from experimental set-up
in the Paleomagnetism lab at EAPS, MIT (USA). Bj is a vertical component of the magnetic field
measured over the horizontal disk D4 at some distance h from a sample ) with the magnetisation
distribution M.

the measured data Bs according to (1.2)). Indeed, while it is unrealistic to retrieve three generally independent
magnetisation components (functions or, more generally, distributions), M;, Ma, M3, from the partial knowledge
of only one function Bz (see (1.2)) without additional assumptions, the problem simplifies significantly for a class
of samples which are unidirectionally magnetised (i.e., when magnetisation direction does not change throughout
the sample but its magnitude does). Since quantifying the net moment of a sample implies a definite magnetisation
direction, it is thus an essential element in this complete reconstruction procedure, see [14].

Note that the obtained estimates may be used either directly on the data when the original measurement area is
sufficiently large compared to the localisation of the magnetisation in the sample and the lift-off distance (scanning
height h), or after a preliminary application of the field extrapolation, see [23].

We stress that our analytical expressions for the asymptotic estimates are original, with only partial analogs in
other works when translated into the current context. According to [21], for extended finite magnetic sources, net
moment estimates in terms of the measured field have first appeared in Helbig’s work [13] and later rediscovered by
Clark and Schmidt, see, e.g., [24] in context of magnetic prospection and detection of potential field anomalies, in
particular. When truncated to a finite measurement area, these estimates correspond to our first-order asymptotic
formulas for tangential components of net moment, but without a mention of the order of the asymptotic conver-
gence, let alone a possibility of obtaining their more precise higher-order counterparts. Note that, in our context,
since only Bs component of the field is measured, those previous estimates do not provide means to estimate the
normal net moment component mg. Indeed, an estimate of ms was provided only in terms of either By or Bg
components. When measurements of these two field components are not available, one can potentially argue that
it is still possible to use the Helbig’s formulas after reconstructing the missing components of the field from the
knowledge of Bs alone using, for example, [12] and [8, Ch. 12]. However, this is possible only to accomplish in a
stable way only if Bs is known on the entire plane. In view of this, we believe that an explicit estimate of mg from
knowledge of Bj alone on a finite region for the first time was proposed only in [22, 5, 3|. It should be noted that
results in [3] are also applicable for measurement regions different from disk, namely, for those of rectangular and
diamond shapes. We take advantage of this comparison of results to mention and to correct a couple of issues in
[5]. First of all, there is a typo in the mg formula obvious when compared to (2.4) or [22, Thm 3.1.1]: in eq. [5, Eq.
(5)], the factor A should be in the numerator rather than the denominator. Moreover, the numerical illustration
of the mg estimate, in case of noisy data, showed a divergent behaviour with the growth of the measurement disk,
and this linearly growing trend was proposed to be removed by an appropriate postprocessing. It turns out that
this undesirable behaviour was merely a consequence of the numerical implementation (Simpson’s quadrature rule
should have been avoided due to the low regularity of the noisy field) and not the asymptotic formula itself, as
demonstrated in the present work; the same is also true for higher-order estimates of mg. The drawback of finite-
ness of the measurement region for the application of Helbig’s integral formulas has been recognised a while ago
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and its influence has been analysed, see, e.g., [18]. One possibility to deal with this was to choose and correct a
suitable integration window so that the consistency of Helbig’s integrals is respected (since some integrals of the
field data must be identically zero), see [21]. Another approach consists in replacing the missing field data by the
field of a fictitious dipole whose location and moment are estimated iteratively from appropriate integrals of the
available data [1, 10]. A similar iterative strategy [19] is based on the multipolar expansion of order 2 (involving
quadrupole moment tensor). In a recent work [17], a multipolar approach of arbitrary order has been used to fit the
measured data furnishing the net moment as first coefficients of the multipolar expansion. This shows good results
but requires a potentially delicate parameter tuning (such as choice of the origin and the order of the expansion)
as a part of the regularisation process. A totally different method which does not theoretically require a large
measurement region is that based on a bounded extremal problem for finding best-possible linear estimators [2].
These estimators are auxiliary functions whose integrals against the measured data furnish the components of the
net moment. Finding such estimators in a particular functional class requires solving an integro-differential equation
which is a numerically laborous task. While formally applicable for any size and position of the measurement region
with respect to the magnetic source, a practical sensitivity of that approach to perturbations of the measured data
must increase enormously when the measurement area is not sufficiently large or well-located with respect to the
source. Moreover, this approach is restricted to planar and regular (square-integrable) sources at a known height
(depth).

The present approach is applicable for one-component field measurements. It has high accuracy already for
relatively small measurement area due to the higher-order asymptotic estimates (which, unlike Helbig’s integrals,
include also estimates for mg from Bs). The approach is easy to implement numerically due to the explicit (closed-
form) nature of the estimates. It is applicable for bounded volumetric (and planar, in particular case) magnetic
sources which are not necessarily regular (they may be even compactly supported distributions, not just square-
integrable functions). Moreover, the approach does not require the knowledge of the depth of the source (as all
the estimates are seen to be independent of the height parameter A which must only satisfy a certain a priori
assumption). It is worth stressing that applicability of the approach to volumetric samples is not a purely academic
generalisation of that for planar (thin-slab) magnetic distributions: it is important for practical situations such as
QDM microscopy (when the lift-off distance is too small, contributions from deeper sources are not negligible) but
also in macroscopic contexts such as the already mentioned magnetic prospection problem.

The structure of the paper is as follows. Section 2 presents the main results of the paper formulated as Theorem
2.1 and discusses the limitations of their applicability. Section 3 has a twofold goal. First, it is meant to show
how one idea based on straightforward Fourier analysis can yield the simplest version of asymptotic net moment
estimates for both tangential and normal components. Second, that section illustrates that, by means of a careful
asymptotic analysis, the explicit estimates can be not only proved rigorously but also extended to higher orders.
Hence, this material exactly constitutes the proof of Theorem 2.1. Then, in Section 4, we illustrate the results
numerically on the case where the magnetisation has a singular support (a collection of dipoles is modelled by
magnetisation distribution that is a sum of Dirac delta functions) and deal with some practical aspects of the
obtained estimates. Finally, we conclude with Section 5 summarising the work, discussing the obtained results and
outlining potential further research directions.

2. MAIN RESULTS

Let & (R3) be the space of compactly supported distributions on R?, i.e., the linear functionals on smooth
functions C*° (R?), see [26, Sect. 6.1].

Denote Dy := {x € R?: |x| < A}, the disk of radius A centreed at the origin x = 0.

The main result of this work is summarised in the following theorem.

Theorem 2.1. Assume that M € [5’ (R?’)}?’ with supp Mc Q for a bounded set Q C R3. Suppose that the values

of the wvertical component of the magnetic field Bs (related to M by means of (1.2)) are known on the horizontal
disk D s x {x3 = h} that does not intersect QQ and whose radius A is sufficiently large so that the following inequality
holds:

2 +13+ (h—t5)" o T1t1 + 2t

2.1 su
=0 ’ R R

teQ, x€R2\D 4

< 1.

Then, the components of the net moment vector (1.3) can be asymptotically estimated with different orders of
accuracy as follows.
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First-order estimates:

(2.2) mjzz//DAijg (x,h)d2x+(9<;>, je{1,2}.

Second-order estimates:

4z§ 9 1 .
(2.3) mj:2// 1+3ﬁ z;Bs (x,h)d*z 4+ O ) je{1,2},
Da

(2.4) ms =24 //DA Bs (x,h)d*z 4+ O (;) .

Third-order estimates:

(2.5) m; = ;//DA [5+24 (2)4] By (x,h) d%z + O GB) jef1,2},

(2.6) mg_i//DA {5+4O(2)4128(12)]Bg(x h)dz+o<;3> jeq1,2).

Fourth order estimates:

j — i\ zi\®| 2 1 .
m; 105//DA {105 2016(A) +19200(A) 22400(A>]xJBg(x,h)das+(9<A4 . je{L2),

(2.8) mgzi//DA {35+1792 (%)6—3200 (2)8} B (x,h)d x+o(j4> je 1,2},

Fifth order estimates:

. o .’,CJ 8_ xJ 10 . 9 i ‘
m; 231// [231 52800(A) +246400 (9)" — 225792 () | By (x, ) d%0+0 (= ) G e {1,2).

Remark 2.2. Here and onwards (except numerics in Section 4), for the sake of simplicity, we have assumed the
system of physical units such that the constant of magnetic permeability of vacuum pg is 1. In general, the right-
hand sides of expression (1.2) should have the factor yg, and, in Si units, pg = 47 -10~7 N / A2. Consequently, the
right-hand sides of all the formulas (2.2)—-(2.9) should, in principle, have the factor 1/p.

Remark 2.3. It is not difficult to see that condition (2.1) can be replaced with
2 2
-t —t
(2.10) g @)t )
Q. xeR2\D4 2 (2 + 12) + (h — t3)
Indeed, (2.1) is obtained from (see (3.23))

—1< i+t t%; (h; ts)” _ 2x1t; + x;tz <1, feQ, xeR)\Dy.
]+ 23 1t
Here, the validity of the left inequality is trivial since
(21— t1)% + (22 — t2)° + (h — t3)° >0, teQ, x e R*\Dy,
whereas the right inequality can be rewritten as
22 + a3+ 2 (x1ty + Tats) + 1+ 13> 2 (13 +13) + (h — t3)°, teQ, x e R*\Dy.

By the symmetry of the area R?\ D4, we can change the signs in front of 21 and x5. Recognising the complete
square on the left-hand side and dividing over the positive expression from the right-hand side, we arrive exactly
at the fraction appearing in (2.10) and it only remains to take the infimum.

Finally, let us point out a simplification occurring in the common setting (e.g., when @ is a minimal rectangular
parallelepiped or a ball containing the magnetisation support located under the measurement device). Namely, if
Q is a bounded connected set whose lowest points lie at 3 = 0 plane and whose horizontal projection ()15 contains
the centre x = 0 of the measurement disk D4, then inequality (2.10) can be ensured by imposing a stricter but
geometrically simpler condition

2 [dist (D4, Q12)]*

@11) (diam Q12)° + 2h2

)
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where diam @12 denotes the diameter of Q12 and dist (0D 4, Q12) is the distance between the boundary 0D 4 of the
measurement disk and Q2. Indeed, by the above assumption on the location of @) and choice of the origin, we have
12 4+ 12 < (diam Q12)° /4, (h — t3)> < h? for £ € Q, and hence the inequality

2 2
in (:L’l — tl) + (1‘2 — t2)2 2 1 . inf
FEQv xER2\D 4 2 (t% =+ t%) + (h — t3) (dlam Q12) /2 =+ h2 FEQ, xER2\D 4
2 [dist (9D 4, Q12)]”
(dlam Q12)2 + 2h2

[(xl — 1) + (22 — t2)2:|

means that (2.11) would imply (2.10).

Note that condition (2.11) specific to our asymptotic approach is actually quite natural and generally consistent
with the geometric setting in which a good (reasonably stable) inversion can be expected since the Poisson transfor-
mation lying at the heart of the integral operator in (1.2) is known to rapidly spread away the source information,
see also [18].

The derivation and the proof of the main estimates is lengthy and consists of a combination of simple techniques
such as Fourier transforms, series expansions (at the origin and at infinity) and appropriate integral splitting. One
of the main difficulties that some integrals involve both large and small parameters and hence obtaining uniform
estimates by standard means of analysis of oscillatory and decaying integrals fails. Instead, we are able to benefit
from circular geometry of the measurement area by identifying integral representations of known special (Bessel
type) functions and rely on their differential and integral identities and asymptotics [20, Sect. 10-11] to conclude
with the desired estimates.

3. PROOF OF THEOREM 2.1

3.1. Some notation and preparatory transformations. Before we proceed with deriving rigorously formulas
(2.2)-(2.9) and thus proving Theorem 2.1, let us introduce some useful notations. We shall use the following
notational shortcut for the integral of the magnetisation distribution against monomials

(3.1) <x]11:1:2 :c“]\/[ : /// 1:1 x2 933 n (%) d3z, n€{1,2,3}, Ji1,J42,73 € No,

where we denoted Ny := {0,1,2,...}, the set of natural numbers with zero. Following this convention, for the sake
of brevity, we may also write, for example,

((h — z3) M) = i — (ws M) /// C o) M, (@) Pz, ne{1,2,3).

As before, we note that, when magnetisation M is not a function but a compactly supported distribution, the
integrals above should be understood as the duality pairings between M,, € &’ (R‘3) and x{lx?:ﬂqu € C> (Rg):

I ' el M, (7) BBz = <Mn,x]11x%2x§3> with j1, j2, j3 € No, n € {1,2,3}.

Let us = denote the two-dimensional Fourier transform which, by our convention, is defined as

Fao=FIn) = [[ s i

where i = v/—1 stands for the imaginary unit, and k - x = k1x1 + kaxo is the Euclidean inner product. With this
definition, the differentiation and convolution properties of Fourier transform have the form

(32) F [arjf] (k) = 727‘(’&]{)]]5(1{), ]:[mjf] (k) = %mahf(k)a ] € {172}a

(3.3) Flf#g) (k // %*f/wf x — £) g (t)dtd% = f (k) 3 (K).

We also note that the Fourier transform of the two-dimensional Poisson kernel is well-known (see, e.g., [26, Sect.
4.2]), that is, for any H > 0, we have

H —27H|k 2
(3.4) F 5 | (k) =e M ke R
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Let us now rewrite (1.2) as

(35) poven == g ff[) | (e g2 s mew ) (

h —ts

3/2
x—t|° + (h— tg)z)

0w
o 3/2
° <|X —t* + (23 — t3)2)

Taking Fourier transform of (3.5) in both x; and z3 variables, we use (3.2), (3.3) and employ (3.4) twice: with
H := h —t3 in the first line of (3.5), and with H := x5 — t3 in the second one. We thus arrive at

(3.6) By (k) = 7 /

Qs
where Q3 denotes the vertical projection of the set Q.

We note that even though (2.2)-(2.3), (2.5), (2.7), (2.9) give estimates for tangential net moment components
mq, Mo, we shall restrict ourselves to dealing only with m;. The situation with msy is completely analogous.

First, we are going to illustrate our strategy of the derivation of asymptotic estimates of the net magnetisation
moment. Here, we shall be only concerned with the low-order formulas of Theorem 2.1 and we shall omit a rigorous
justification step. Then, we shall proceed with formal justification and extension of the result to higher orders.

+Ms (t,13) d3t.

$3=h

e~ 2m(h=ta)lk] (ik1M1 (k, t3) + ik Mo (k, t3) + |k| M3 (k, t3)) dts,

3.2. Illustration of the basic idea of the derivation of the net moment estimates. We are going to focus
on deriving (2.2).
We take ko = 0 in expression (3.6) to obtain

(3.7) Bs (k1,0,h) = 77/ e~ 2m(h—ts)lk1] (iklMl (k1,0,ts5) + |k1| M3 (kl,O,tg)) dts.

3

Since the magnetisation distribution M is compactly supported, the Fourier transforms M i (k,t3), 5 €{1,2,3},
are entire functions in ki, ke € C for each t3 € Q3, according to the Paley-Wiener theory (see, e.g., [25, Thm 4.1]).
In particular, power-series expansion of M ; (k1,0,t3), j € {1,2,3}, about the origin k; = 0 of the complex plane
(Re k1, Im kq) gives

1 - .
M; (k1,0 t5) =M (0.ta) + 0, M; (0,t5) ks + 507, M, (0,5) K 4O (|k:1|3) ., je{1,2,3).
Combining this expansion with the straightforward identities

mj = Mj (O,tg) dt3, j e {17273}7
Qs

211 <Mj$1> :/ akle (0,753)6[1537 j € {1,2,3},
Qs
and the Taylor expansion in |k;| of the exponential factor in (3.7)

em2r )l — 1= o (h — tg) [l | + 27% (h — t5) [la [ + O (IRa[?)

we obtain R R R
B3 (kl,O,h) = Re B3 (lﬁ,O, h) +ilm Bj (k‘l,O,h), ki € R,
Re Bg (kl,O,h) =7Tms |k‘1‘ — 2’/T2 (<£L’1M1> —+ <(h — ZL’3) M3>) |k1|2
(3.8) + 273 (2 (h — x3) 21 M) + <(h ~ ) M3> . <x§M3>) k40 (uﬁr‘) :

Im Bs (k1,0,h) =rmyky — 202 ((h — 23) M) — (21 M3)) ky |k1|
(3.9) ~on® (<x§M1> - <(h )’ M1> +2((h — x3) x1M3>) S <|k1\4> .

Here, the remainder terms are uniformly small for all 5 € Q3 due to the boundedness of the set Qs.
On the other hand, we can write

(3.10) Bs (1,0, h) = / / ek By (x h) Az + / / > k1w By (x, h) d2x.
Da R2\D 4
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We note that in the first term on the right-hand side of (3.10), the integration range is finite and hence an
expansion in powers of k; simply follows from that of the exponential factor:

(3.11)

// 2rikin g (xh)da:—/ B3 (x, h)dx+2mk1// x1 B3 (x, h)dx—27r2k2// 2Bs(x,h)d
Da Da P4

4 3
- %m? // 2383 (x, h) d%z + O (\k1|4> :
Da
and hence

(3.12) // cos (2mky21) B (x, h) d*x —/ Bs (x,h) d®z — 272k? // 2Bs (x,h)d%*z + O (|k1\ ),
Da Da Da

(3.13) // sin (27ky 1) B (x, h) dx = 27k, // x1Bs3 (x,h)d°z — —k?’ // 3Bs(x,h)d%z + O <|k:1| ) .
Dy Dy Da

Producing an expansion in powers of k; of the second term in (3.10) is much less straightforward and requires
a preliminary simplification. More precisely, we expand the field Bs (x, h) for large |x| and, assuming largeness of
the region D4, retain only first few terms of this expansion. Namely, from (1.2), we have

ms 3 (((h=s) M) — (w1 Ma)) s +|5<<<h —ag) My) — (w2M))ws <1>

314)  Bs(x,h) = —
(B0 Babol) == T x

Ix|°

Consequently, passing to the polar coordinates using x; = r cos, x5 = rsiné, d?z = rdrdf, we can write

27
// 627Tik1xlB (X h / / 27rzk17‘c050d9dr
]RQ\DA 0

3 > o 2miky7 cos O dr
T (((h — x3) My) — <~T1M3>)/A /o e T cos&der—3

3 e’} 2 ) 0 dr
+ — ({((h — 23) Ma) — (w2 M3)) / / e2mihrcost gin gdg—

A A Jo r
+ RA,klv

where the residue term R4 j, is expected to be O (1/A43) for sufficiently small values of |k1].
Furthermore, taking real and imaginary parts of both sides, we obtain, respectively,

2
dr
(3.15) // cos (2rkyx1) Bz (x,h) d?x = ——= / / cos (2mky 7 cos 0) d9— +Re Rak,,
R2\D 4
(3.16)
, 9 3 o dr
sin (2wki21) B3 (x,h) d“z = — (((h — z3) M1) — (x1M3)) sin (2mky 7 cos6) cos 0d0— +1Im R4, ,
R2\ D 4 47 4 Jo 3 ;

where we took into account that

2m 2m
/ cos (2mky 7 cos ) sin 0d6 = / cos (2mkyr cos 0) cos 0df = 0,
0 0

2 2m
/ sin (27kyr cos0) df = / sin (2mky 7 cos 0) sin 0d6 = 0,
0 0

according to the results of Lemma A .4.

Next, as it turns out (see Subsection 3.3 for more details), the integrals on the right-hand sides of (3.15)—(3.16)
can be evaluated explicitly in terms of some cylindrical functions. Known representations of these special functions
lead to the desired asymptotic expansions in powers of k;. In particular, for small |k;|, we can deduce that

oo 2m dr oo 2m dr
(3.17) / / cos (2mkyr cos 0) df — = 2 |k | / / cos (rcos 0) dd—
A Jo r 27|k1|A JO r

2w
= =5 —4n? k| + 253 Ak [* + O (A2 \k1|3) ,
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27 27
(3.18) / / sin (27ky 7 cos 6) cos Hded— = 4%k |ky) / sin (r cos ) cos HdG%
QW‘kllA
272 873
=k - 7k1 Iky| + 7 ARS + O (A3 |k1|5) :

where the notation O (A2 \k1|3) also hides the terms of powers of |k| higher than 3 regardless of the presence of

the A factors such as O (A3 |k1\4)
Therefore, by taking the real part of (3.10) and using (3.12), (3.15) and (3.17), we obtain

Re Bs (k1,0,h) :// Bs (x, h) d%z — 272k // 22Bs (x,h) d%z
DA DA

2
I 42 k| + 278 A k) ) + Re R, + O (A2 |k1\3> .
471' A ’
Comparing this with (3.8) and, in particular, evaluating both expressions at k1 = 0, we arrive at the following

identity:

1
(3.19) /DABs(x,h)dw—QAJrO(As):a

where we took into account that Re Ra, [, _o = O (1/43).
Similarly, taking the imaginary part of (3. 10) we combine (3.13), (3.16) and (3.18) to deduce that

Im Bs (k1,0,h) =27ky // x1B3 (x,h) d*z — —k‘?’// 23B3 (x,h)d
DA DA

3 2 8
+ 1 (b= z3) Ma) — (@1 M3)) < Z ky — 7k1 k1| + 7r4Ak§) +Im Rag, +O (A3 \k1|5) :

Comparison of this expression with (3.9) and matching the coefficients of the k; terms yields
3 1
(320) 271'// fElBg (X, h) d2x+l(<(h*l‘3) M1> — <I1M3>)+O <3> =TT,
Da 2A A

where we assumed that, for sufficiently small |k |, we have Im R, = O (1/A4%).

While (3.19), (3.20) imply estimates (2.4), (2.2), respectively, the derivation given above was not rigorous and
required additional assumptions on the residue term R 4, which was reasonably deemed to be sufficiently small
for large A but was not estimated uniformly in k;. We shall now proceed with rigorous analysis which will also
make it possible to derive higher-order analogs of estimates (2.2), (2.4).

3.3. Rigorous analysis and higher-order asymptotic estimates. Let us start by improving estimate (3.14).
To this effect, we use the following elementary Taylor expansions, convergent for |z| < 1,

1 3 15 2 35 .3
- bt O (z
1 ) 35 .
- g2 99 o 3
(1+2)°? 7t g TOE,
to obtain, for ¢, to, t3, h € R, t3 # h,
(3.21)
—3/2
1 - 1 [ _ (Eltl +.’E2t2 t% +t%+ (h—t3)2‘| /
3/2 3/2 2 2 2 2
(21 —t1) + (22 — ta)” + (h — t3)2} (z} +23) 27+ T3 T+

N 1 x1t1 + xots _ %t% + t% + (h — t3)2 & (:L‘ltl + $2t2)2
- 3/2 1+3 2 2 2 2 2 2 2
(22 + 23) T+ 23 2 r] + x5 2 (22 +23)

2 3 7
2 (2 + 23) 2 (2% +23) x|
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1 1

a1ty + xoty 52412+ (h—ts)°

3.22 = 145 _ =
(3.22) 21%/2 (22 +x)5/2[ 2 + 23 2 2 + 23

35 (z1t1 + 2ota)? 1
135 (@ahs + wata)” i) +o| =],
2 (2 443) x|

where x1, 29 € R, |z1]| + |22| > 0, are of a sufficiently large magnitude so that

(21 —t1)° + (w2 — t2)* + (h — t3)

t% —+ t% —+ (h — t3)2 _ 2£L'1t1 —+ $2t2

3.23
(3.23) 2113 T 2

<1.

Expansions (3.21)—(3.22) imply that, for |x| > 1, (1.2) can be written as

1
(3.24) Bs (x,h) = By (x,h) + O <| v >
X
with
2 2
(3.25) Bgsympt (x, h) ;:CL";’ i C1,021 Jr500,15172 i C2,0T] + CO,QIQ7 + C1,17122
[x ]| x|
4 03701’? + 00731’3 + 02711'%.’[2 =+ 0172x1x§
/" ’
—_ s
(3.26) €00 7= T
3 3
(327) C1,0 ‘= E [<(h — 133) M1> — <I‘1M3>] , CO,l = E [<(h — 503) M2> — <5132M3>} y
3
(3.28) Co0 =g [8((h — w3) z1 My) — 4 (xf M3) + (x5 M3)
—2((h — w3) 22 Ma) + 3 ((h — w3)° Ms)|
3
(329) Cp,2 ::g [8 <(h—$3) $2M2> —4<Z§M3> + <£C%M3>
—2 <(h — .’L‘3) £L'1M1> +3 <(h - 163)2 M3>:| 5
15
(330) C1,1 = E [<(h — l‘3) $2M1> + <(h — l‘g) $1M2> — <x1x2M3>] s
)
(3.31) €30 =g {12<(h—x3)x%M1> 4 (2§ Msz) — 3 ((h — x3) 23M;) — 3<(h—x3)3 M1>
—6<(h—l‘3) .’1?1.%’2M2> +3 $1$2M3>+9< —56‘3 $1M3>} R
5 9 3
(332) Co,3 ::8771' {12<(h—$3)$2M2> <$2M3> 3< — X3 $1M2> 3<(h—$3) M2>
—6 <(h — llfg) 1‘1I2M1> +3 <£17%$2M3> +9 <(h - x3)2 x2M3>:| ,
15
(333) C2.1 ::g [6 <(h - .’Eg) ZL’%M2> + 12 <(h - xg) $1$2M1> —6 <£L’%.’E2M3>
-3 <(h — $3) :L‘%M2> — <(h — $3)3 M2> + <$§M3> +3 <(h — 263)2 $2M3>:| ,
15
(334) C1,2 ::877T [6 <(h — .1‘3) $2M1> + 12 <(h — 1‘3) $1$2M2> —6 <x1$§M3>

—3((h — w3) 22 M) — <(h ~ ) M1> + (a3 Ms) + 3 <(h ~2y)? a:lMgﬂ ,

and condition (3.23), for our particular context, rewrites as (2.1).

10
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We are going to pursue the idea outlined in the previous subsection. Namely, comparing a series expansion of
(3.7) about k; = 0 with that of (3.10), we shall deduce a set of identities which relate magnetisation moments
to the integrals of the measured data Bs(x,h) on D4. More precisely, using compactness of the support of
the magnetisation M, it follows from (3.7) that Re Bs (ki1,0,h) is a convergent series in powers of |k;| whereas
Im Bs (k1,0,h) is a power series in |k;| multiplied by k;. To facilitate the situation of matching the coefficients of
different representations, we shall focus on the region k; > 0. Consequently, in what follows, evaluation at k; = 0T
will mean the limiting value at k; = 0 taken from the positive semiaxis (k1 > 0).

3.3.1. Tangential components of the net moment. Expanding the integrand in (3.7) in power series in a positive
neighborhood of k1 = 0 and taking the imaginary part, we deduce:

(3.35) Ok, {Im B (k1,0, h)] A =7mmy =: dq,

(3.36) % a2 [Im Bs (K1, 0, h)} s =2 [<(h — 23)? M1> — (22My) — 2((h — ) legﬁ
=:ds,

(3.37) % 8. [Im Bs (k1,0, h)] s = ? [<(h — 23)" M1> —6 <(h — 23)? x§M1> + (2t
—4 <(h - x3)3 x1M3> +4((h — z3) x?M;;,)}
=:ds,

(3.38)

k=0 :% K(h - )’ M1> - 15 <(h - 333)433§M1> +15 <(h — 13)° x‘fM1> — (2§ M)

—6 <(h —a3)° x1M3> +20 <(h — 13)° x‘fM3> —6((h—a3) x‘;’M3>]
=:dy,

% a7 [Im Bs (K1, 0, h)}

1 A
(339) 5 o, [Im Bs (k:ho,h)}

315 [< - ) Ml>_28<(h_x3)6x%M1>+70<(h—x3)4x%M1>
_28< —x3) x1M1>+<x§M1>_8<(h_x3)7x1M3>

+56 -
=: dg,

k1=0+
3.5 7
x3) x1M3> —56<(h—x3) x1M3> +8<(h—$3)$1M3>}

(3.40)

ky=0+ :1%17;1715 [<(h - x3)10 Ml> 45 <(h -3 s
(

- )
— 210 <(I’L — 33‘3)4 x?M1> + 45 — 933)2 $§M1> — <x%OM1> — 10 <(h — .133)9.131M3>

+120 {(h — 5)" 23 Ms ) — 252 (h — )" 23 Ms ) + 120 ((h — )" 2] My )
—10((h — x3) 2] M3)]
= dll-

On the other hand, from (3.10), we have, for n € Ny,

=(-1" (271')2"+1 // 23" By (x,h) d%x
Dy

+ 52n+1 (// sin (27ky21) By (x, h) d2x>
R2\D 4

+ ot (// sin (27k121) [Bs (x,h) — ByY™* (x, h)] d2x>
R\D4

1 N
7 Ol [Im By (kl,O,h)]

x%Ml> +210 <(h — 23)° x‘llM1>

(3.41) ! [Im Bs (K1, 0, h)]

k1=0t

k1=0"*

k1=0%1
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We shall proceed in 3 steps. First, we evaluate the integral

(3.42) 50 = T80 (ky, A) = / / sin (27ky21) B3Y™" (x, h) d%z,
R2\D 4

and compute its derivatives appearing on the second line of (3.41), hence obtaining a set of valuable identities.
Second, we estimate the derivatives of the remainder

) nGNo,

(3:43)  R3n41 = Rinyy (A) = gt ( / / sin (2rk121) [Bs (x, h) — BEY™" (x, h)] d%)
RI\D A ky =0+

in order to show that the contribution of the term in the third line of (3.41) is not significant for large A (for the
chosen order of the asymptotic expansion). Finally, at the last step, we combine the obtained identities and derive
asymptotic formulas (2.2)-(2.3), (2.5), (2.7), (2.9) in a rigorously justified fashion.

Step 1: Derivation of the set of identities. Using (3.25) and passing to the polar coordinates using @ = rcos#,
y = rsinf, d?z = rdrdf, we obtain from (3.42)

(344) ISin = cLoIfi“ + +03’0Igin + clﬁglgi“,
where
‘- o 2T dr
(3.45) = / / sin (27k1 7 cos 0) cos 0d0 —,
A Jo r
00 2m d
sin : 3 r
(3.46) 5= / / sin (27k1 7 cos 0) cos” 0df—,
A Jo r
‘- o 2T dr
(3.47) 5= / / sin (27ky7 cos 0) cos @ sin® 0do—.
A Jo r

Here, we used results (A.42)—(A.43) of Lemma A.4 multiple times to deduce vanishing of the integrals associated
with the terms which involve ¢y, co,1, 2,0, Co,2, C1,1, C0,3, C2,1-
We now employ the integral representation of Bessel functions, given in (A.5), to rewrite, for k1 > 0,

(3.48) Ioin = 277/ Jy (27kyr) d%" = (21)° k%/ J1 (x)dx,
A r 2wk A X
o 00 1
(3.49) z = —on [Tk G —eaut [ AT
A " ork A X
! o]
oo (B0 Ay [
p p P r p:27rk1A
> o0 "
(3.50) z <o [ k) + 1 Crkan)) S = )" [ IR,
A r 2nk1 A X
/ 0o oo
= - (2n)° K} <5J16(p) + A0 —/ & (f)dx—so/ al @dx)
’ P " P ¥ p=2mk1 A

Note that, in (3.49)—(3.50), we employed integration by parts twice using the asymptotic behaviour of J; given in
(A.6).
Using the results of Lemmas A.2-A.3, we have

(3.51) I = (27212 b (p/:o ‘E@m)

p=27k; A

(27‘()2 kl

= 34 [Jo (p) + 1 (p)

b

Y Y
== pJi(p) + pJo (p) = 50°J0 (p) Hy (p) + 50771 (p) Ho (p)]
p=27k1 A
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an M)k (5T (p) T (p g [ J1(z
(3.52) s _ ! 23 = ( 13( ) 4 1(2 ) *30;)3/ 7133(7 )dx)
P p 4 p=27k1 A
@2m)° ki [ 15J1(p) 1577 (p) , 2411 (p) . .,
= AL P — 2p? —2
+2p° +20° 11 (p) = 20" Jo (p) + 7p Jo (p) Hi (p) — mp*J1 (p) Ho (p }
p=27k, A
2 / [e%s) o]
(3.53) I = - (2723 u (5‘]13(”) L AP e / 1) 4 — 30,7 / 2 (f)dx>
P P p x P T p=27k; A
_ (2m)* k1 [15.11(p)  15J; (p) L 40 (p) () — p*Jo(p)  pJi(p)
10543 | 3 2 P 1\ 3 3
3 3] 4J T 4 T 4
L2 N ) 2 l0) TP ) by (o) — T2 gy (o) Hy () .
3 3 3 6 6 A

Therefore, (3.44) together with (3.51)—(3.53) furnishes an explicit form of (3.42). In particular, using (A.2), (A.11),
we can compute

(3.54) O T or = % (m)* (CZO 30310213012) ’

(3.55) 6Ty = g (2m)" 47 (01140 5032;’612> ’

(3.56) i R— ( 763 ;2—301 2) 7

(3.57) a]zlzsin|k1:0+ _ 128 8 A6 <01 ,0 903 2;61 2> 7

(3.58) azll-sin|k1:0+ _ 256 10 48 <3;1 0 1103282301 2) ’

(3.50) 5;i1115in’k1:o+ _ 1;3336 12 410 (9801 0 1303,?4;— 0172> .
(3.5

Taking into account (3.42), (3.43), we use (3.35)—(3.40) and
and thus arrive at the following set of identities:

)—(3.59) in (3.41) with n = 0,...,5, respectively,

(3.60) 27 // x1B3 (x, h) d*x + 272 (Cle + 363102:;:12) + R = dy,
(3.61) //DA By (x, h) dx + w1 A° (ClAO - 563’2;012) + 673% ds,
(3.62) //DA 22Bs (x,h) d ”66A4 (C?;f + 703’2;012) + R = ds,
(3:63) 5040 - #1Bs (x,h) & (97;)1861(;16 <ClAO * W) 7|Rsm = d,

(27r)12A10 (98@,0 13c3,0+c1,2> 1 n
11!

3.65 h) d%z — =d1.
(3.65) 39916800 / /DA (x, + 17340825600 \ 94 A3 + 1= o
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Step 2: Analysis of the remainder terms R5", ; for 0 < n < 5. We shall now show that the remainder terms R§™,
with n =0,...,5 given by (3.43) (with k; > 0, as assumed before), can be estimated, for A > 1, as follows

in 1

Proceeding with higher-order terms in the expansions in (3.21)—(3.22), and hence also in (3.24), we notice that
we can write, for N > 4,

asym t 33 33 1 1
(3.67) Bs (x, h) — BaY™P ZZZch,lzl qui?) +0 <X|N+4> =Ly (x)+0 <|XN+4> ,

q=411,15>0,
11+lg=q

with some constants c;, ;, € R for [;, lo € Ny. Consequently, we consider, for n =0,...,5,

(3.68) Row, =0t <// sin (27k171) Ly (x) d2$>
R2\D 4 —

+ ot (// sin (27k121) [Bs (x,h) — B§™ (x,h) — Ly (x)] d2x>
R2\D 4

k1:0+

First of all, we deal with the term on the second line. The integrand is regular and, for N > 9, it decays at
infinity sufficiently fast so that the differential operator 6,3:‘“ with 0 < n < 5 can be passed under the integral sign.
We can thus estimate

2"+1 sin (2kq 21 X, “ympt X, x)] Az
o (//\D (2kyas) [Ba () = B (x, ) = Ly (] d )

k1=0"*

| <//Rz\D 277117N+4 |X|N+4 [Bs (x,h) — B3Y™" (x,h) — Ly ()] d2x> |

2(n+1)
2(n+1) dr _ (271') Cn 1
< (2m) CN/A PN=2n+1 © T (N —2n) AN-2n

for some constant C'x > 0 such that

X" [Bs (x,h) = B3P (x,h) = Ly ()| < COw, X[ 2 A,

and such a bound is possible due to the remainder estimate O (1/ |x|N+4) in (3.67). Here, in the third line of the

estimates, we used the fact that the integral in » converges for N > 2n—1, 0 < n < 5, which is true for N > 9. For
such N, the obtained estimate of order O (1/AN~2") is clearly even better than was aimed for (recall (3.66)).

We now fix N = 10 and proceed with estimating the term in the first line of (3.68). Upon substitution of
(3.67) in (3.43) and use of polar coordinates (with z1 = rcos6, zo = rsinf, as before), let us observe that, due to
Lemma A.4 (namely, identities (A.42)—(A.43)), the only non-vanishing terms stemming from the Ly part are those
proportional to

2
(3.69) / / sin (27k1 7 cos 0) cos?PV+1 9 sin? §dh——— 0<i<p, p=>2

2p+3 ’
Since we can write

l
0 = (1= cot0)! = 32 (1) (-1 eost 0,

=0\

with < j ) denoting a binomial coefficient, we deduce that, to estimate R3,, it suffices only to consider the
quantities

dr
2p+3 ?

2m
(3.70) Spj = / / sin (27k;7 cos 0) cos 1 6 d6 0<j<p, p=>2,

and, in particular, their derivatives evaluated at k1 = 0 from the right: 8,3?+1Sp7j|k120+, 0<n<5.
Note that the relation between p (3.69)—(3.70) and ¢ in (3.67) is ¢ = 2p + 1, p > 2. In other words, in the

asymptotic expansion of the field Bs at infinity, not every term contributes to R! 1, but only the terms of every
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second order in 1/4, i.e., O (1/A%), O (1/A'°) and so on.
Therefore, we can consider S, ; only for p < L%J = 8, where |z]| designates the integer part of x.

To sum up, we need to show that, for all 0 < j <p, 2 <p < 8and 0 < n <5, we are able to produce an estimate

1
2n+1 _
(3.71) 8k? Sp»j|k1:0+ =0 (A5—2n> :
For 0 < n < p, we have

2n+1 n 2n+1 * o 25+1 dr
O Sy il _gr = (1) (27) /A /0 cos™* 0d0 e

2(n+1) o d?" - 1
< (2m) /A r2-n)+2 o (A2(p—n)+1) ’

where the convergence of the last integral is due to p > n. The obtained estimate is in agreement with (3.71) since
p=>2.

To treat the case n > p + 1, a more careful estimate is needed. To this end, it is convenient to make use of the
integral representation of the Bessel function J; given by (A.5) and rewrite (3.70) as

and hence

2n+1 )
‘ 8k1 SPJ ‘k1:0+

. oo 2 dr .
Spj = (=1) QW/A 17 (2rkar) T3 0<j<p, p=2
We then evaluate
. N o . d
(3.72) oS, = (—1) (2m) e optn P / T (amkyr) <
A

254+2p+2
= (—1)7T (2m) P A2 T ()
1
p

p=2mk1 A
n—p)— 2j+2p+2
_ (71)J—+1 (271_)2(n+1) A2(n7p)71 d2( p)-2 Jl( e )(p)
dp2(n—p)—2 P ’
p=2mki A

where, in passing the differential operator 82? *2 under the integral sign, we took into account the asymptotic
behaviour at infinity of J; given by (A.6) and, on the second line, employed the following identity valid for k1 > 0:

& ; d & ; d
o, / TP (o) £ = g, / TR () <F
A r 27k A P
(27+2p+2)
P

p=2mk1 A
Now, recalling the analytic character of the function J; (see beginning of Appendix) and, more precisely, its series
representation given by (A.2), it is clear that every derivative of J; of even order is also analytic and vanishes at

zero. This implies analyticity of the function J1(2j +2p+2) (p) /p and, consequently, a bound on its every derivative
at the origin. Therefore, from (3.72), we deduce that

’azzl—i-lsp < CA2(n7p)71’

J | k1 =0t

for some constant C' > 0, and hence (3.71) follows due to the fact that p > 2.

Step 3: Asymptotic estimates for the net moment components. Recalling that d; = mm; (according to (3.35)) and
using (3.66), we obtain from (3.60)

_ 2 c1,0 , 330+ C12 1
(3.73) m12//DAx1B3(x,h)dx+27r<A +12A3>+O<AS)'
Similarly, using (3.66), we rewrite (3.61)—(3.65), respectively, as
1 T [(cC10 5c3.0+ c12 ds 1
3.74 - 5B h) d? - == - =) = O —
3.74) 6A2 //DAJ;1 3 (6, h) x+8 ( A 6A3 ) (27r)3A2+ (AS)

o)
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C1.0 Tc3.0+ 1.0 ds 1
- B _ - ? ? = —_—
(3.75) 120A4// 29 B3 (x,h) d*x 192(3A+ YE > (27r)5A4+O(A5)
1
-0 ().
1 ; 5 T c10 9cso+cio d7 1
) S — B h — | == : =) = A5
1
o(3)
1 T c 1les o+ 12 dgy 1
7 s QB[ h d2 _ 17’0 3,0 2 = —_
(3.77) 36288048 / /DA 218y (6, h) &2 = Zaes <7A HTVE (2m)” A8 TO\T

1
().
1 T 98¢y .9 13¢c30+ c1.2 di1 1
3.78) —o———— 11B3 (x, h) d? ’ ’ =) = O—
B78) 39016800470 / /DA o1 By (6 h) &+ g 9800 ( oA T ) am)an <A5)

o)

While the first-order estimate for m; given in (2.2) follows immediately from rigorously justified (3.73), the
higher-order estimates require more work. Namely, we wish to combine (3.74)—(3.78) in order to eliminate in (3.73)
the terms with

(379) 51’() = 617’0 53’0 = %, El,g = %,
and, at the same time, would not commit a larger error (in order of A) than that of the eliminated term.

Expressing c1,0/A in terms of O (1/A?) quantities from (3.74) and inserting it into (3.73), we deduce the second-
order estimate for m; given by (2.3). We note, however, that, for third or higher order estimates, identity (3.74) is
not useful due to the fact that its right-hand side has an unknown quantity ds appearing of order O (1 /AQ) which
will block any further effort to increase the accuracy of estimates.

Derivation of the third-order estimate given by (2.5) is analogous to the previous one with the only difference
that c1,0/A is expressed (now in terms of O (1/A%) quantities) from (3.75) rather than from (3.74).

To proceed with derivation of estimates (2.7) and (2.9), it is convenient first to rewrite (3.75)—(3.78), respectively,
as

8. 1

(380) 7030+012 5r A4 // Bg X h d T — 301’0+O<144> 227-5,

T0+ 80 = o 2] Bs (x, h) d? 0 =
(381) 9c30+cCr2= A6 . 3 X x — 6¢y 0+ =: Tz,

~ ~ 2560 60 1
(382) 110370 + C12 = 217‘[‘A8 // B3 X h iE — 761 0o+ @) <A5> =: 75,

~ ~ 64512 98 _ 1

(383) 13C3$0 + 2= W //DA x%lB3 (X7 h) d*z — 301,0 +0 (145) =:T11.

It is easy to see that
(3.84) SEAT) =T L (F4Tn)=T

To obtain the fourth-order estimate for m; given in (2.7), we shall use (3.80)—(3.82).
We start by using the first equation of (3.84) (together with definitions (3.80)—(3.82)) to express ¢1,0 = ¢1,0/A up
to order O (1/A*), namely,

o) B emen -t ] (2 () 30(5) 0 (2) | mmeni o (k).
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Second, we observe that the quantity 3cs o + ¢12 appearing in (3.73) is related to (3.80)—(3.82) as follows:

3c3,0 +c12

(3.86) 5

:353,0 + 51,2 =4 (’T5 - ’T7) + Ty

_ 256 // [ 1‘1 ‘e g (%)6 + % (ﬁ)s} x1 B3 (x,h) d*z

1
+ 21 C10+O<A4>

Finally, substitution of (3.86) in (3.73) followed by the use of (3.85) furnishes (2.7).
To arrive at the fifth-order estimate given by (2.9), we shall use identities (3.81)—(3.83). The second equation of
(3.84) gives

‘1o (%) T1)® 392 fa 0 2 1
(3.87) - //DA{ +40(A) e (A) }xlBg(x,h)derO(AE)).

We also have an analog of (3.79), namely,

3c3,0 +c1,2

(3.88) e

=3¢30+C12=5(Tr —To) + T11

128 15 xl 6 100 fz1\8 56 fx1\10 9
-2 ()2 (n Bs (x,h)d
//DA{ o (1) *5(3) ]xl 3 (x h) &
1
63 G+ O (A5>
Therefore, inserting of (3.88) in (3.73) followed by the use of (3.87) gives (2.9).

3.3.2.  Normal component of the net moment. Similarly to the case of tangential net moment components, we
expand the integrand in (3.7) in power series in a positive neighborhood of k1 = 0, but, in contrast to that previous
situation, the attention will now be on the real part. This yields

(3.89) [Re By (kl,o,h)} =0
(3.90) % 0, [Re By k1, 0,)] | = —2m[ma0s) + ((h — ) My)]
=:dy,
(3.91)
214 a} [Re Bs (k1,0, h)} = —47“4 {3 <(h - x3)2x1Ml> — (23My) + <(h - x3)3M3> —3{(h - x3)x§M3>]
=:dy,
(3.92) é a8, [Re By (k1,0, h)} T % [5 <(h - 3;3)43;1M1> ~10 <(h — z3)? x§M1> + (i M)
+ <(h — x3)° M3> - 10 <(h —x3)° x%M3> +5((h — x3) x‘llM3>]
=:ds,
(3.93)
é ¢ [Re Bj (1,0, h)} = % [7 <(h - x3)6x1M1> ~ 35 <(h - x3)4x§M1> +21 <(h —a3)? x§M1>

— (@Ta) + (b= 20)" My ) — 21 {(h — ) 2305 ) + 35 ((h — w0)° i My )
—7< —x3 x1M3>]
=:dg,
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(3.94)
L 1o g _ 470 8 6, 3 4 5
o7 O [Re By (k;l,o,h)} = {9<(h—x3) m1M1>—84<(h—x3) x1M1>+126<(h—x3) x1M1>

36 <(h ~ )’ x{Ml> +(2IMy) + <(h ~z3)° M3> 36 <(h - x3)7x§Mg>

+126 <(h — .1‘3)5 .Z‘%M3> — 84 <(h — $3)3 .Z‘?M3> +9 <(h — 1‘3) $§M3>j|
::dl()v
On the other hand, (3.10) implies that, for n € Ny,

_(_1\" 2n 2n 2
— =(-1)"(2n) //DA 1" Bs (x,h)d°z

o </ / cos (2mkyay) BEY™ (x, h) d%)
R2\D4 .

oy < / / cos (2rk121) [Bs (x,h) — By¥™* (x, h)] d%)
R2\D 4

As before, we continue in 3 steps. First, we evaluate explicitly

(3.96) T =1 (ky, A) := // cos (2mky21) B (x, h) d%z
R2\D 4

(3.95) o2 [Re Bs (k1,0, h)}

k1=0*t

that allow us to obtain from (3.95), a set of useful identities involving remainder terms. Second, we estimate the
remainder terms, namely,

, ne No,
’i31=0+

(3.97) S =Ry (A) := oy (// cos (2mk1x1) [Bs (x, h) — BEY™* (x, )] d2x>
R2\D 4

for large A. At last, we rigorously derive asymptotic formulas (2.4), (2.6), (2.8) from the obtained set of identities.

Step 1: Derivation of the set of identities. Using (3.25) and passing to the polar coordinates using @ = rcos#,
y = rsinf, d?z = rdrdf, we obtain from (3.96)

(3.98) T = 0,01 + c2,0I5% + c0,2Z5,
where
2 dr
(3.99) I7% = /A / cos (2mkyr cos ) dHﬁ,
2 dr
(3.100) I55 = / / cos (2rky 7 cos @) cos? 0do—,
A r
2w ) dr
(3.101) I5%° = / / cos (2mk17 cos 0) sin” 0d —.
A r

Here, we used results (A.40)—(A.41) of Lemma A.4 multiple times to deduce vanishing of the integrals associated
with the terms which involve ¢; 9, ¢o.1, ¢1,1, €3,0, €0,3, C2,1, C1,2-

Using the integral representation of Bessel functions (due to (A.4)), integration by parts, the asymptotics of Jy
given by (A.6), and the relation J| () = —J1 (z) (see (A.10)), we can write, for k1 > 0,

o0 d ©
(3.102) I8 = o1 / Jo (2kyr) L= o)k / O(f)dx
A 21k A T

= (27)* ky ( /p dx)
(3.103) I5% = 2w /A - Jo (27rk17“) /2
= (2m)" &3 (leip) +4 )

)

p=271k1 A

4
nkiA L

p= 27rkA
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~ d > T
(3.104) I3 = 2m / o (2mkar) + Jg (2mkar)] o = (2m)* K / @+ I @) g,
A r 2mky x

Inserting here the results of Lemmas A.2—-A.3, namely, (A.22), (A.34)—(A.35), we arrive at
J1 (p)
p

(3.105) ﬁ“zfjp%u»+ — T ) =201 ()~ p— i ()

)

p=27k; A

20 9) = "0 () H (9)+ "2 () o ()

;21 [ Jo(p) ' 4p*Jo () 4pJi(p) | 4p* | 40° i (p)
1 Jcos — . . ap- 2P J1\p)
(3-106) 2 15A3[ 3 (o) 3 3 T3 T3
40 J, 27 p* 2mpt
SR E ) - T m )|
p=2mk1 A
cos _ 2T Ji(p) 4Ji(p)  p*do(p)  philp)  P*  P*Ji(p)
(8.107) 3T 348 [JO( )+ 15p 5 15 5 157 15
p*Jo (p ), mp'
- ULy _ .
R S CLAOR S ACE AT N

Substitution of (3.105)—(3.107) into (3.98), we employ (A.2) and (A.11) to compute

108 fﬁwm=%C?+HQ£§mﬁ’
-~ R e = o (- B
(3.110) aﬁlzcos|k}1:0+ - 7% (2m)° A" <c?40 N W) 7
(3.111) R Ty o = % (2m)" A° (C?zio * W) ’
(3.112) ORIy = 3136 (2m)° A° <C70Af) * W) ’
(3.113) O L ymor = ﬁ (2m)™ A (COAO * W) '

Taking into account (3.96), (3.97), we use (3.89)—(3.94) and (3.108)—(3.113) in (3.95) with n =0, ..., 5, respectively,
and thus arrive at the following set of identities:

(3.114) // B (x, h) 2z + 2 (CZO + W) +RES = 0

(3.115) _m //DA ©2Bs (x, h) %z <21)3A2 (COAO _ W) n %RQ = do,
(3.116) (22724 //DA 21 Bs (x,h) d®z — é (2m)® A* (Ciio + W) + %RZOS =dy,
(3.117) 720 . 2%B5 (x, h) d2z + ﬁ (2m)7 AS (COAO W) + éngos = dg,
(3.118) 40320 #5B; (x, h) %z — 9% (2r)° A® (070; + W) + 8'73‘305 ds,
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10
(2m)

1 11 410 [ €0,0 52302_0 + 1760 2
11 OBs (x,h) &%z + ———— (27)" 1 A0 [ 22 4 220 T 02 90 — dyp.
(B119)  —3535800 / /DA 3 (%, *+ T33710100 2™ A" 420A3 + 1o|R 10

Step 2: Analysis of the remainder terms R for 0 < n < 5. We shall show that

. 1
(3120) g% =0 (M) 5 0 <n< 5.

The reasoning will we identical to that of Step 2 of Subsection 3.3.1, therefore, we omit repetition of some details.
Using previously introduced notation Ly (see (3.67)), we can write

(3.121) Sos =" (// cos (2mkyx1) L (%) d2x>
R2\D 4

+ o ( / / cos (2mk121) [Bs (x,h) — By¥Y™* (x,h) — Ly (x)] d%)
R2\D 4

k1=0*t

ki1=0*1

Assuming N > 9, we estimate

2n _ pasympt < . X 2x
%%, <//R?\DA cos (2rk121) [Bs (x, h) — B3 (x,h) — Ly (x)] d )

k1=0*t

(2maq) n .
‘(//R2\D N1+4 |x |N+4 [33 (x,h) — B3 pt (x,h) — Ly (X)] d%)‘

x|

~ [ dr @2r)?"tHey 1
2n+1 o
<(2m) CN/A rN—2n+2 — (N —2n+1) AN—2n+1"

for some constant Cy > 0, and note that this complies with (3.120).
We now fix N = 10 and proceed with estimating the term on the first line of (3.120). Identities (A.40)—(A.41)
of Lemma A.4 entail that the only non-vanishing terms are those of the form

2T
dr
(3.122) / / cos (2mky 7 cos ) cos?P=D 9 cos?! 9d9 ST 0<I<p, p=>2,
and hence it is sufficient to only deal with the quantities
2m dr
(3.123) Cp,j / / cos (2mk1 7 cos ) cos? 9d9 ST 0<j<p, p=>2

As before, p in (3.122)—(3.123) is related to ¢ from (3.67) as ¢ = 2p+ 1, p > 2: only the terms O (1/A7), O (1/A47),
n (3.67) contribute to R$%*. Hence, we consider Cp; only for p < |¥-1] =8.
We are intending to show that the following estimate holds for all0 <n <5, 0<j7<p,2<p<8:

. 1
(3.124) 0irCpyjlyy e = O <A5_2n> :

For 0 < n < p, we have

9 " om o0 27 Y d’l“
ak?cpd“kl:(ﬁ = <_1) (27T) ‘/A /0 cos™’ 6d9m,

e dr 1
2n+1 _
< () /A 27z = O <A2<p—n>+1> !

where the convergence of the last integral is due to p > n. The obtained estimate satisfies (3.124) due to p > 2.
For n > p+ 1, we use (A.4) to rewrite (3.123) as

and hence

2n+1
oz,

NI ‘ ky=0+

d
Cpj 27r/ 27rk'1r)T:1)7 0<j<p p>2.
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We then evaluate

, ) d
(3.125) 92C, ;= (—1)7 (2m)*@HD g7 P) 1/ JETT (9nkey ) :
A
2j+2p+1
_ (_1)j+1 (27r)2p+3 Aai(n—P)—Q J( e )(P)
' P p=27k A
_ (1) (2m)2rt g2t P07 JEEED ()
- T dp2(n—p)—2 p ’
p=27k1 A
where the following identity, for k1 > 0, was used:
o, [ nkn) = o, [ A () 2
A r 27k A p
2j4+2p+1
— ord J(g j+2p+1) (p)
P p=2mk1 A

Due to analyticity Jy (see beginning of Appendix), we see from (A.2) that its every derivative of odd order is

also analytic and vanishes at zero. Hence, JéQj +2p+1) (p)

derivatives at the origin. Therefore, (3.125) entails that

2n
‘ akl p7j|k1:0+

for some constant C' > 0, and hence (3.124) follows due to the fact that p > 2.

/p is analytic as well, and, in particular, has bounded

~A2(n7p)71

Step 3: Asymptotic estimates for the net moment component. Since, according to (3.26), we have cg g = — and

471' ’
hence using (3.120), it follows from (3.114) that
1
(3.126) ms = 2/DA Bs (x,h) d*z + 45A2 (11ea 0 + 19¢p2) + O (/14) .
Employing (3.66), we rewrite (3.61)—(3.65), respectively, as
T [ m3 131co0 + 49c¢o 2 B do 1
1
-o(5).
1 ms 22902 0 + 4160 2 d4 1
12 — iB o _ ; 2\ _ 1
(8.128) 24A% //DA #1Bs () o + 760 (27rA 45A3 ) (27 A) o (A5>
1
= F s
1 ™ [ M3 10902’0 + 110072 o d6 1
1
-o(5).
1 ] 2 T ms 17¢2,0 + co2 . dg 1
(3.130) 4032048 / /DA @185 (x, h) & + 147456 (147TA 45A3 ) T (2nA)® +0 (A5>
1
-o().
523co.0 + 17co .2 dig 1
3.131 20By (x,h) d2p — ——— (8 _ 225 2) = O~
( ) 3628800A10 // 3 (%, 66355200 <7TA 105A43 (QFA)N + AP

-o(x)
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[ J | ! | 2 | 3 | 4
27 35.1075m 0 m 40-10~° m —4.0-10"° m
29| 3.0-1075m 0m —55-10° m 55-10° m
| 1.0-10°m 7.0-107° m 11.5-10° m 25-10"° m

m? [45-10712 A m? | 25-1072 A-m? | =3.0-10712 A-m? | —1.0-107'2 A - m?

m$ [35-10712A-m? | 45-1072 A-m? | 20-1072A-m? | 20-1072 A - m?
2

m$ [1.0-1072 A m? [ 051002 A-m? | 25-1072A-m? | 1.5-10"2 A - m?

TABLE 1. Positions and dipolar moments of the synthetic magnetisation distribution (4 dipoles)

We see that (3.126) already provides the second-order estimate of mg given in (2.4). The higher-order estimates
given by (2.6) and (2.8) can be obtained by combining (3.128)—(3.130). Note that elimination of mgz using either
(3.127) would incur a rather large error O (1/A), reducing the final estimate to the first order. Similarly, any use
of (3.131) would result in an estimate of order O (1/A*), but such an estimate could already be deduced using the
other listed above relations.

For the sake of simplification, let us set

~ c - e
(3132) 6270 = j’;, 00,2 = 7[2732,
and rewrite (3.126) and (3.128)—(3.130), respectively, as
~ . 45 45m3 1
3.133 11 19602 = —— Bs (x,h)d? o —= )=
( ) C2,0 + 19¢o,2 - //DA 3 (x,h)d%x + oA + <A5> To,
~ ~ 180 _ 45m 1
(3134) 131C270 +490072 = //DA Bg X, h 7TA3 + 0 <142) = 757
~ ~ 360 45m3 1
3.135 229 41 = B h)d ——+ 0| — | =
( ) c2,0 +4lco2 = //DA 3 (X, 27rA + <A4> Ta,
. ~ 576 9 18mg 1 )
(3.136) 109¢2,0 + 11cp2 = s //DA 29B3 (x, h) A%z + ) +0 <A5> =:Ts,
~ ~ 1152 45m3 1
1 1 = 2}B 2 =: Ts.
(3.137) Tea0 + Co.2 77TAS//DA 3 (x,h) d%z 14A+0(A5> Ts

There are multiple ways to combine equations (3.133)—(3.137) to eliminate ¢3¢ and ¢p 2. In particular, we should
use the following two relations which are straightforward to verify:

(3.138) To=Ta—2Ts, To=4Ts — 257s.

Substitution of (3.133), (3.135) and (3.136) in the first relation of (3.138) allows us to solve for mg3/A. This leads
to the third-order estimate of mg given by (2.6).

Similarly, plugging (3.133), (3.136) and (3.137) into the second relation of (3.138) gives (2.8), a fourth-order
estimate of mg.

4. NUMERICAL VALIDATION AND PRACTICAL CONSIDERATIONS

We demonstrate results by performing a numerical simulation on a synthetic example. In this example, we choose
magnetisation distribution to consist of 4 magnetic dipoles: M (Z) = ijzl m;0 (¥ — a;) with 6 denoting the Dirac
delta function. The positions and the components of dipolar moments of each dipole are given in Table 1.

The net moment of this magnetisation distribution is equal to

4
(4.1) mirue Z (3.0,12.0,5.5)7 10712 A - m?.
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1 %1073 ><2150-8 1 %1073
3
20
0.5 0.5 2
15 1
10
0 0 0
5
-1
-0.5 0 -0.5 2
_5 _3
-1 -1
-1 0 1 -1 0 1 x10®
><10"3 ><10"3

FIGURE 4.1. Magnetic field B; (x, k) (left) and added noise (right) on D4 for A=7.5-10"* m

The produced magnetic field Bg is given by

3(h— o) [ (21— ) mf) + (22 - 28) ) + (2 (n- xéj))Q x— me) )
<|x — x(j)|2 + (h — xgj)>2) i

and is measured on the disk Dy = {x eR?: x| < A} at the height 23 = h = 2.5-10~* m. Since we now work in
Si units, we should recall Remark 2.2 and take into account the previously omitted factor pg = 47 -10~7 N / A%

In order to check robustness of the moment estimates obtained in Theorem 2.1, we also perform simulations
on data with a synthetic noise. Namely, we modify Bs using additive Gaussian white noise with the amplitude
\/10-SNR/10 . Var (B3), where SNR is the signal-to-noise ratio (in decibels) and Var (Bs) is the variance of Bz on
Dy. For our simulations, we choose SNR = 20 dB which corresponds to the 10% noise level.

In Figure 4.1, we illustrate the field (4.2) and its noise component on the disk D4 of radius A = 7.5-10"% m

We shall now compute the integrals on the right-hand sides of (2.2)—(2.9) for different values of A. According to
our asymptotic result for large A, we expect to see that, as A grows, the values of each of these integrals converge,
with a different rate, to the value of a component of the net moment given by (4.1). Figures 4.2-4.3 show exactly
that for the tangential and normal net moment components, respectively. We note that in Figure 4.3 and further
figures involving the normal net moment component mg, a pair of the estimates are used: one with ; = z; in (2.6),
(2.8) and the other with z; = .

To illustrate better the variability of the convergence rates for different asymptotic estimates, in Figures 4.4-4.5,
we plot the differences |m§"’ue —m; |, j €{1,2,3}, against A in logarithmic scale.

Finally, in Figures 4.6-4.7, we directly test the estimates of the net moment components when the magnetic field
is contaminated by noise (with the noise model described above). We observe the persistence of the lower-order
estimates for the net moment components whereas the higher-order estimates clearly perform significantly worse.

Let us now briefly comment on the fact that we chose to illustrate the results on a magnetisation distribution
with a singular support. Besides its simplicity, this choice is physically motivated as any magnetisation can be
thought of a combination of dipole sources. From mathematical (numerical) viewpoint, a magnetic field produced
by continuous magnetisation distribution is given by the integral whose numerical approximation (quadrature rule)
is nothing but a weighted sum of dipoles. Consequently, we do not expect results for continuous magnetisation
distributions to be of any drastic difference. On the other hand, this highlights the applicability of our methodology
to the magnetisations that could be much more singular than smooth or square-integrable functions.

( )ngh

)

»lk‘t

3

5. DISCUSSION AND CONCLUSION

Motivated by a concrete experimental set-up, we considered a problem of estimating net magnetisation of a
sample from one component of the magnetic field available in the limited measurement area in the plane above
the sample. We approached this problem asymptotically, assuming the size of the measurement area to be large.
We derived a set of explicit formulas for the asymptotic estimates of all three components of the net moment.
For simplicity, we considered only the case of the circular geometry, i.e., where the measurement area is a disk.
Analogous results to those in Theorem 2.1 could be deduced by our method also for the rectangular geometry which
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FIGURE 4.2. Estimates of the tangential net moment components my (left) and mso (right) versus A.
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FIGURE 4.3. Estimates of the normal net moment component mg versus A: using z; (left) and
x9 (right) formulas.
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FIGURE 4.4. Convergence for the estimates of m; (left) and mg (right).

technically is even closer to what is used in Paleomagnetism lab at EAPS department of MIT, USA. The main
difference in obtaining such results with the present approach would be a technique of the asymptotic estimation
of Fourier integrals (such as the second term in the right-hand side of (3.10)) which involve both small and large
parameters (and hence must likely rely on a partial availability of explicit integration formulas).

In this paper, we have obtained and proved asymptotic estimates up to order 5 for the tangential net moment
components mq, mo and up to order 4 for the normal component ms. The main purpose was, however, to introduce
a machinery that can generate asymptotic estimates of an arbitrary order. It is clear from the proof of Theorem 2.1
and auxiliary computations in Appendix that the asymptotic order of the estimates can be upgraded by proceeding
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FIGURE 4.5. Convergence for the mg estimates: using x; (left) and x (right) formulas.
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FIGURE 4.6. Estimates of the tangential net moment components m; (left) and msy (right) versus
A. Noisy data.
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FIGURE 4.7. Estimates of the normal net moment component mg versus A: using x; (left) and
x9 (right) formulas. Noisy data.

in the established manner. This would require integration of the field against polynomials of a higher order.
Practical advantages of it, however, are not yet obvious. First, such estimates are going to be extremely sensitive to
the presence of noise in Bj: it was demonstrated in Section 4 that while the lower- and mid-order estimates lead to
the expected results, the estimates of higher orders are much more prone to the instability. This is, of course, not
surprising since, as it was mentioned, the moment recovery is a severely ill-posed problem (see Section 1 and [2]),
and an order of the asymptotic estimate plays the role of a regularisation parameter here. Second, when pursuing
an estimate of a higher order, one should not forget that the obtained result is of only asymptotic nature: while
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a high-order estimate would be advantageous for very large values of A, it may not be so for a smaller A due to
a potentially large value of a multiplicative constant (in A) in the remainder term. In particular, while Figures
4.2 and 4.4 show uniform improvement over the whole range of A when using estimates of higher order for m;
and mg, Figures 4.3 and 4.5 demonstrate that for some small pre-asymptotic range of A, an estimate for msz of a
lower (second) order can be better than that of a higher (third) order. A relevant issue to bear in mind is that,
apart from the basic asymptoticness condition given by (2.1) (see also (2.11)), proceeding to higher-order estimates
assumes implicitly (but it is evident from the form of the remainder terms) that the magnetisation is sufficiently

localised so that its higher algebraic moments Lg?y)jmg = <x{1z§2x§3Mn>, n € {1,2,3}, (see (3.1)) do not grow
(n)

too fast with respect to their order j := ji + j2 + j3, namely, that the quantities L; 7 . /A7 are not large for the
value of A in question. A conclusion to draw from these observations is that the mid-order estimates (e.g., those
of orders 2 and 3) are perhaps the best: both from practical prospective of proximity to the true value of the net
moment and from the viewpoint of the robustness to imperfect measurements. One can also consider a possibility
of choosing an estimate which is best possible for a given magnitude of A. This resembles a problem of finding an
optimal truncation of asymptotic series.

In future works, we should study relation of our asymptotic results to stable estimates of the net moment using
constrained optimisation approaches, in particular those obtained in [2]| for planar L? magnetisations without the
asymptotic assumption. The shape of auxiliary functions to be integrated against the measured field to produce the
net moment estimates looks similar to ours. For example, for estimates of m; of second order and higher in Theorem
2.1, this auxiliary function is seen to consist of the main trend (the 2x; term) and a correction term (a polynomial
depending in the "stretched" variable x;/A) which is the largest towards the boundary of the disk. It would be
curious to derive an explicit asymptotic from an integro-differential equation of [2] governing the optimal solution
in a particular class. Studying other ways of stabilisation of the estimates and regularisation is also important. In
this respect, it is natural to ask a question: what is the best way of using the redundancy of the set of asymptotic
formulas for the net moment components to arrive at an estimate with the minimal effect of noise or to have the
fastest (non-asymptotic) convergence to the true value of a net moment? For instance, in the present approach, we
have a natural redundancy for all estimates of ms of order 3 and higher due to the freedom of choice z; = z; and
x; = x2 in formulas (2.6), (2.8) and so on. In Figure 4.3, these estimates give almost indistinguishable results (it
can be checked that the difference between the two is not zero but very small), and hence may not look directly
useful. However, since having more relations than unknown quantities is always better when dealing with noise,
this is still an advantage. Also, it is clear from Step 3 of the proof of Theorem 2.1 that, upon involving higher order
polynomials, a richer set of lower-order estimates could be obtained.

The form of asymptotic expressions suggests the direct use of polynomial (in a stretched variables x;/A, j €
{1,2}) ansatz for the derivation of estimates of higher order, with a potential application of machine learning for
identification of their coefficients.

Another path for a possible future work is to explore the possibility of obtaining asymptotic expansions analogous
to those given in Theorem 2.1 but relying on the smallness of a slightly different asymptotic parameter. Namely, if,

instead of (z? + x%)_g/Q and (27 + x%)_sm in (3.21) and (3.22), respectively, one factored out (z7 + #3 + h2)_3/2

and (m% + 2%+ h2)_5/2 and proceeded with appropriate modifications, the final asymptotic results would have a
larger area of validity than that described by (2.1). In particular, this would cover a reduction to a dipolar case
in a situation when the measurement area D 4 is not necessarily large but the value of h is. However, since in the
mentioned experimental set-up, the height h is small, this modification would yield a little practical benefit but
would complicate analysis of Fourier integrals.

Along the same lines, it should be better understood why the height parameter h does not enter any of the final
estimates in the asymptotic regime. If this remains true for estimates of any order, can this be used, for example,
as a shortcut to generate the higher-order estimates?

The results of this work naturally connect to the issue of the asymptotic field extension. Indeed, the asymptotic
field expansion at infinity (3.24) is seen to feature mg at the leading order and quantities c1 9, co1 at the next
order. While the estimates of mg are given, to a different order, in (2.4), (2.6) and (2.8), it is evident from the
proof of Theorem 2.1, that the quantities ¢ 9, co,1 can also be asymptotically estimated, see, e.g., (3.85) and (3.87)
(and their versions with z; replaced by za, as well as their lower-order analogs). Thus, this furnishes an explicit
3-term expansion of Bj at infinity which, in general, when solving inverse magnetisation problems, should serve as
a better alternative to a simple prolongation of the field by zero outside of the measurement area. Such a strategy
can also potentially be used in setting up an iterative scheme. Of course, all of this is meaningful only when the
actual measurement area is already large enough so that the asymptotic estimates for ms, ¢1,0, co,1 are sufficiently
accurate.
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Finally, on the practical side, it is essential to test the obtained results on a concrete application to see the
actual improvement in the existing results and, more importantly, to address the cases which were not amenable
for treatment with previous methodologies. Most natural context would certainly be that of estimation of the
remanent magnetisation in (terrestrial or extraterrestrial) rock samples using scanning microscopy data, a setting
which was the main motivation of the present work. However, due to close proximity of the setting to the active
area of magnetic prospection, see, e.g., a very recent work [9], it will be great to test the already derived formulas
in that context. But also, since in that case all three components of the field are available instead of only one,
it is worthwhile to investigate improvements of the presented results combining integrals of By, Bs and Bj giving
higher-order estimates of the net moment .
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APPENDIX A

We collect here several useful results about cylindrical functions and some relevant integrals. In what follows we
will use the notation N to denote natural numbers, Ny := N U {0}, and the notation Z for integer numbers.

Basic facts about Bessel, Neumann and Struve functions. The Bessel function .J,, of order n € Z is an
entire function satisfying the differential equation [20, (10.2.1)]

(A1) 2TV (2) 4+ 2, (2) + (2* —n?) J, () =0, z€C.

We have the following series expansion [20, (10.2.2)]

n 2 —1)k 2\ 2
(4.2) n)=(3) 2 o G)

which, due to the entire character of J,,, is absolutely convergent for every z € C. Here, I' denotes the Euler gamma
function, for which we have, in particular, I" (k) = (k — 1)! for k € N;. Moreover, it is worth noting that 1/T" (k) =0
for k € Z\N_, which implies vanishing of negative powers of z in expansion (A.2) even for negative orders n.

The following integral representation holds [20, (10.9.1)]

1 ™
(A.3) Ip () = = / cos(nt —xsint)dt, zeR.
T Jo
In particular,
1 ™ ) 1 ™ 2m
(A.4) Jo () = — cos (zsint)dt = — cos (zcost)dt = — cos(xcost)dt, x€R,
™ Jo ™ Jo 2T 0
1 T . 1 2 .
(A.5) Ji(x) = — cos (t —xsint)dt = — sin (z cost) costdt, =z € R.
™ Jo 2 0
For z > 1, n € Ny, the leading order asymptotics reads [20, (10.17.2)]
2 \/? nwt T 1
(A.6) T (z) = <m> cos (i - o - Z) +0 (zg/g> ,

where the estimate of the remainder term is due to the discussion in [20, Sect. 10.17(iii)].
The Bessel functions J,,, n € Z, satisfy the connection formula [20, (10.4.1)]

(A7) Jon (z) = (=1)" Jn (2),

as well as simple recurrence relations [20, (10.6.1)]

(A9) S (0) = 5 Uaet (@) + Jass (@), 00,
(A.9) Ty (@) = 5t (@) = Juir ().

In particular, (A.7) and (A.9) entail that
(A.10) Jo(x) = —J1 ().
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The Struve function H,, of order n € Ny U {—1} is an entire function defined by the absolutely convergent power
series [20, (11.2.1)]

(A.11) H, (2) = (g)"Hi (-1)F

k—OF(k+;>F<k+n+3) (5) ’

2
The companion Struve function K, of order n € Z is defined [20, (11.2.5)] as
(A.12) K, () = H, (2) = Y, (2),

where Y,, is the Neumann function.
For x > 1, n € Ny, the following asymptotics hold true [20, (11.6.1)]

1 2n+1n! n—1 n—3
(A.13) K, (z) = = (2n)! 2"+ 0 ("7,
2 \/? . nwo 1

and the remainder terms are discussed in [20, Sect. 11.6(i)] and [20, Sect. 10.17(iii)], respectively. The asymptotic
behaviour of H, (x) for x > 1, n € Ny, hence follows from (A.12)—(A.14). In particular, for z > 1,

(A.15) Hy (2) = (71_2:6)1/2 sin (m - %) +O (i) ,

(A.16) Hi (2) = % + (7;)1/2 sin <x _ T) +0 (;/2) .

Moreover, we have the following connection formula
2
(A.17) H_(x)= ;—Hl ().

Some useful integrals pertinent to the cylindrical functions. The following lemmas establish several integral
relations which are also crucial for the proof in Section 3.

Lemma A.1. Forn € Ny, p > 0, the following identity holds

(A.18) /Oo LGN {271‘]1 ) 11 (p) —/oo Jl(x)dx} .

$2n+1 4n2 _ 1 p2n p2n7 1 5132”71

Proof. First, upon integration by parts (using the asymptotic behaviour at infinity of J; given by (A.6)), we have

(A.19) /OO Si(@) 1Al 1 /°° I (@) 4

r2n+1 T 929n p2n m 12n

Then, if we employ (A.1) to express Ji in terms of J; and Ji’, we obtain

< Jp (x) 1 Ji(p) 1 [ J(x) 1 [ J(x) 1 [ J/(z)
/ 13T = o o2 + Qn/p o v i pe v L, a2l dz,
and hence
< Ji (z) J1(p) < (x) < (x)
(A.20) / g dz = n (2n—1) peoTEs] dz — a1 dx.
P P
On the other hand, returning to (A.19) and integrating it by parts again, we arrive at
< J 1 J 1 J1 1 e Jy
(o [ AR A i [ A8
x2n 2n p2n 2n (2n — 1) p2n 2n(2n—1) J, a*
SR U R (S N (PSR Ny o YO
2n—1 pn 2n(2n —1) p=t  2n J, g2ntl 2n(2n—1) J, a1

Here, in the second line, we eliminated the integral term involving J;" using (A.20).
Rearranging the terms in (A.21) (solving for the quantity on the left-hand side), we deduce (A.18). O
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Lemma A.2. For p > 0, we have

< Ji(z) Jo(p)  Jilp) 1 Jilp)  plo(p) mp
A.22 dzr = — 4+ — — —|J H —J H
[ BT D PR ) H () = () Ho ()
Proof. Note that using (A.8), we have
(A.23) / N@) g, 7/ LICIN 7/ 2(@) 4,

P T 2/, x 2/, T
Let us start by transforming the first term in (A.23), namely,
oo oo !
p T p P z

p”+%w—ém%wMz

Here, in the first line, we employed integration by parts (together with the asymptotic behaviour at infinity of Jy
given by (A.6)). To arrive at the second line, we used the identity

=—Jo(z) = J§ (x), =x#0,

implied by (A.1).
Performing the same procedure with the second term in (A.23), we have

/oo 2(@) 4, _ J2(p) +/dex
o T P P T
_ sz(p) +J5(p) — /:O Jo () dx+4/poo J2x(2x)dx,
and, hence,
(A.25) /:O J2$(2x) dz = fé [J2p(”) + 75 (p) — /poo I (z) dx} .

Expressions (A.24) and (A.25) imply that the integral on the left-hand side of (A.23) is expressible in terms of
two integral quantities: fpoo Jo (z) dz and f;o Jo (z) dz. Let us now show that these quantities are simply related:

(A.26) / T gy () d = / " o (@) dx+ 21 (o).

and, moreover,

(A.27) /OO Jo (@) dz =1—pJo(p) — gp [J1 (p) Ho (p) — Jo (p) H1 (p)]-

Recalling asymptotics (A.6), we note that the integrals on the left-hand sides of (A.26), (A.27) are not absolutely
convergent, and hence an additional care with technical manipulations is needed. Namely, we shall first replace the
integration range (p,00) with (p, R) for arbitrary finite R > p, and then pass to the limit as R — +oco. We shall
proceed in several steps.

Step 1: Establishing (A.26)

We start with (A.26) and use integral representation (A.3):

1 /" 1 /"
Jy(x) = = cos (2t — xsint) dt = — cos (rsint — 2t) dt.
T Jo T Jo
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Consequently, exchanging the order of integration (permissible due to the regularity of the integrand and finiteness
of the integration limits), we obtain

R 1/ Dt ) i —
(A.28) / Jo (z) da =— / sin (Rsint — 2t) — sin (psint — 2t) &
P 0

T sint

1 /7r sin (Rsint) — sin (psint)
0

™

2 s
dt — = / [sin (Rsint)sint + cos (Rsint) cost] dt
0

sint T

2 ™
+ = / [sin (psint)sint 4 cos (psint) cost] dt
T Jo

R
:/ Jo (&) dz — 2 (Jy (R) = J1 (p)) .

where we used the identities

sin (Rsint — 2¢) = (1 — 2sin®¢t) sin (Rsint) — 2sint cost cos (Rsint),

sin (Rsint)sint 4 cos (Rsint) cost = cos (Rsint —t),

1 ™
f/ cos (Rsint —t)dt = J; (R),
0

™

1 /“ sin (Rsint) — sin (psint)
0

T sint

R
dt = / Jo (z) dx.
p

and, except for the last one, also their analogs with p instead of R. The first two of these identities are purely
trigonometrical whereas the last two are due to (A.4)—(A.5).
Passing to the limit R — 400 in (A.28) using asymptotics (A.6), we thus conclude with (A.26).

Step 2: Establishing (A.27)
To deduce relation (A.27), we use [20, (10.22.2)] to write
(A.29)

R
/ Jo () dx = ZRLJo (R) H-y (R) = 1 (R) Ho (R)] = Zp[Jo (p) H-1 (p) = J1 (p) Ho (o)

= RJy (R) — pJo (p) + gR [J1 (R) Ho (R) — Jo (R) Hy (R)] — gp [J1 (p) Ho (p) — Jo (p) Hy (p)],

where we used (A.7), (A.17) in passing to the second line.
Note that, employing asymptotics (A.6), (A.15)—(A.16), we have, for R > 1,

RJo (R)+ S RIJy (R) Ho (R) — Jo (R) Hy ()] = cos <R _ ?Zr) sin (R— ) —cos (R~ 7 sin <R - 3”) Lo (1)

4 R1/2
1

Therefore, by passing to the limit as R — 400 in (A.29), we obtain (A.27).
Step 3: Conclusion of the proof
Plugging (A.27) into (A.26) and (A.24), we obtain

(A.30) [ m@)dr = 14200 = 00 0) = 3ol () Ho () = o () Hi (9],
(A31) [ e = 2 ) 1k )+ Tl () Ho ()~ o () 1 ()
respectively.

Substitution of (A.30) into (A.25) gives

Z o171 (p) Ho (p) — Jo (p) Hu ()] -

6

iy [T R B ) g D= o) -
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Finally, using (A.31)—(A.32) in (A.23), we arrive at

20 6p 373

31

() [~y = BB L) )= 54 L o)+ (914 20 11 () Ho (9) = Jo (5) Hi (9]

Using (A.10) and the recursive identities (due to (A.8)—-(A.9))

B (p) = 2R = h ). Ta(p) = 2R ()= () = I 0) = 5 ()= i (o),

1 4 2
T2 (p) = 5 11 (p) = I3 (p)] = *;Jl (p) + ;Jo (p) +J1(p),
we transform (A.33) into the desired relation (A.22).

Lemma A.3. For p >0, in addition to (A.22), we have the following identities

(A.3) [ 88 DA g )1 ) - i )

+ % [Jo (p) H1 (p) — J1 (p) Ho (p)] ,

< Ji(2) 41 (p)  Jilp) Jolp) Jip) , 1  Ji(p)
A. d = — — R
(A-35) /p 5 Tyt T s asp 452 45 T 45
J, T
LB T o) B ()~ () Ho ().

(o] ! /
(A.36) / Ji (796) qe o8 gp) R (50) 4 (Z) 1 (pg Jo(p) | N (p)2

L@ 35 5 35 p 5250*  5250% | 1575p | 1575p

e DL PR )y () - (o) o )

Proof. We shall prove identities (A.34)—(A.36) sequentially.
Applying Lemma A.1 with n = 1, we have

[Fhlg 2 L L e,
PR 3 p? 3 p 3/, T ’
and, hence,
o0 / oo
(A.37) / N@) g, o h (2'0) AL —3/ 1 g”‘f)dx.
0 x p p , T
Using Lemma A.2, (A.37) becomes (A.34).
Application of Lemma A.1 with n = 2 yields
AP AU EAUNE Y G 1C
A.38 de = — — - = ——dz.
(8.38) e YT s T B, o
With the help of Lemma A.2, (A.38) transforms into (A.35).
Finally, we use Lemma A.1 with n = 3 to obtain
= i (x) 6 Jilp)  1Jilp) 1 /°° Ji1 (x)
A39 de = — — - — dz.
(8.39) /p 7 T e B o 3,

Substitution of the already proven identity (A.35) into (A.39) furnishes (A.36).

Lemma A.4. For a« € R, m, n € Ny, we have the following identities

27
(A.40) / cos (acos0) cos?™ 1 @ sin™ 0df = 0,
0
2m
(A.41) / cos (acos f) cos™ 0 sin®" 1 9dg = 0,
0

2
(A.42) / sin (a cos ) cos™ 6 sin®"t* 0df = 0,
0
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27
(A.43) / sin (v cos 6) cos®™ 6 sin™ #df = 0.
0

Proof. We shall prove identities (A.40)—(A.43) one after another.
Using periodicity of the integrand, we can shift the interval from (0, 27) to (—n/2,37/2) and further split it in
two:
27 37/2
(A.44) / cos (a cos f) cos®™ 1 g sin™ #df = / cos (a cos f) cos®™ 1§ sin™ 9d6
0 —m/2

w/2 37/2
—[ [
—m/2 w/2

Performing the change of variable y = sin#, dy = cos 6df in each of the integrals on the second line of (A.44), we

have
cos (a\/l — y2> (1- y2)m y"dy,

1

/2
/ cos (a cos f) cos®™ 1 g sin™ #df = /

—m/2 —1

-1

37/2
/ cos (a cos ) cos®™ 1 g sin™ #df = /

/2 . (~avi=v) (V1 —y2)2m Y dy
_ _ /1 cos (Ozm) (1 _ y2)my"dy.

—1
Here, we used the fact that cosf = /1 —sin?6 > 0 for § € (—7/2,7/2) and cosf = —/1 —sin’6# < 0 for
0 € (7/2,3mw/2) which makes both integral quantities on the second line of (A.44) opposite to each other in sign
and thus entails (A.40).
To show (A.41), a useful change of variable is y = cos6, dy = —sin#df. This, upon splitting the integration
range to into (0,7) and (m,27), leads to
1

27 -1
/ cos (a cosf) cos™ 6 sin®" T odg = — / cos (ay) y™ (1 — yg)n dy — / cos (ay) y™ (1 — y2)n dy
0 1

= / cos (ay) y™ (1 — yz)n dy — / cos (ay) y™ (1 — QQ)H dy

-1 -1

=0.

Similarly, we have
1

2m -1
/ sin (o cos §) cos™ 0 sin®" T 9dg = —/ sin (ay) y™ (1 — yz)n dy — / sin (ay) y™ (1 — y2)
0 1 -1
= O7

n

dy

which proves (A.42).

Finally, to show (A.43), we use the fact that identity (A.40) holds, in particular, for any « € [0, 5] with arbitrary
B > 0. Integrating it in « over this interval and interchanging the order of integration (permissible by the regularity
of the integrand and the finite integration range), we obtain

B 27 27
0= / / cos (acos 0) cos®™ 1 9 sin™ fdfda = / sin (5 cos 6) cos®™ @ sin™ Ad6.
o Jo 0

Since the same reasoning also works 8 < 0 by working with an interval [, 0], identity (A.43) is thus proved up to
a change of the notation S to a. g
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