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1 Introduction

In the present work we make an attempt to model certain symmetrical objects of nanoscale size. Our particular
focus is on quantum rings with further generalization to quantum tubes, the structures that can be of high im-
portance due to constantly growing interest to nanotechnologies and promising prospectives of amazing properties

exhibited by nanoobjects.

Our approach is based on treating the mentioned atomic structures by means of so-called zero-range potentials
which idea was originated by Enrico Fermi [11] and roughly can be viewed as a natural extension of the Dirac
delta-function distribution to higher dimensions (though their application is not limited only to this). Within this
basic model we describe each atom of the molecule as a point structure neglecting electrical interactions as well as
movements of atoms with respect to each other. However, in spite of its simplicity, the zero-range potential method
is known to be a very efficient tool in grasping effects of geometrical structure on the object properties [3, 5, 7, 10].
Using the zero-range potentials nanotubes and their properties has been recently studied [2, 19]. Though, in addi-
tion to this method, another approach of improving obtained solutions and potentials of the corresponding problem
can be useful. Namely, the Darboux transformations [6, 9, 16, 21], with the parameters to be tuned in order to

have coincidence with experimental data, might be applied (see [15] for the demonstration of success of this idea).

The aim of the work is to provide theoretical description of molecules possessing discrete rotational (cyclic)
symmetry and, in the case of a quantum tube, additionally symmetry of translations. For the quantum ring case,

both bounded state and scattering problems were considered.

The present section serves as a brief introductory part whereas the rest of the work is structured as given
below. The second section gives self-containing description of the Darboux transformations that is followed by
their few applications to classical quantum mechanical problem with delta-well potential in Cartesian coordinate
system in the Section 3. The fourth section contains motivation for the zero-range potential method considering,
in particular, three-dimensional point-potential. Here also we obtain the broader class of solvable potentials by
means of application of the Darboux transformations. In the Section 5 the problem of a quantum ring is formulated
and gradually solved: starting from particular cases to the general result. Besides discrete spectrum problem with
bounded state and corresponding energies found, axial scattering on the ring is considered as well. The Section 6
describes generalization of results obtained for quantum ring to the case of quantum wire. Obtained results allow

to calculate energy bands and bounded states of infinitely long tube having the rings in its cross-sections. The last



section sums up the work that has been done and declares the directions of ongoing and further research. Finally, in
the Appendix we list some programs written in order to help finding solution for the particular case in quantum ring
problem (with further generalization furnished). They are given for instructive reasons, since they combine power
of MATLAB and MAPLE in simplification of symbolic expressions at the different parts of calculations. These are

non-typical computations and such experience might be also useful out of the topic of the present work.



2 Basic ideas of the Darboux transformations

Consider a solvable problem with classical Sturm-Liouville equation

—" () + u(z)y(x) = Mp(x) (1)
that is convenient to write in the form
L = X, (2)
where
d2
Lz—@—ku(a:). (3)

Let us choose a linear transformation D so that for some operator LI it satisfies the intertwining condition
DL = LMD, (4)

Application of this transformation to (2) yields

= (1] =
DL i =\Dy = LU(Dy) = N(D).
=LlD =yl =]

Thus, we arrived at the transformed equation
LM = 2yl (5)

where we introduced transformed solution ¢!l = D).

If we take transformation D in the form

d
D= p o(x), (6)

then o(z) can be chosen in a way that LU is covariant to L, i.e.



Moreover, we will demonstrate that the potential is transformed as
ul(z) = u(z) — 207 (z). (8)

This is the statement of the Darboux theorem. Let us show it in a straightforward way.
Plugging (6) directly into the intertwining condition (4) applied to an arbitrary solution ) (x), we perform

elementary algebraic manipulations with elimination of all second derivatives due to equation (1) and come to

(u — M= 20') P+ (u/ +ulle —uo — 0”) = 0.

Due to arbitrariness of ¢(x), the following equations must hold true

u—ull —20") =0,
( ) o)

(u’ +ultle —uo — U”) =0.

The first of this two conditions is equivalent to (8) and the second one after feeding expressed u!!l into yields

w —200 —c" =0 =

i 2 )
x(u o U)—O.

Thereby, we come to Ricatti equation (with ¢y being an arbitrary constant)

o' = -0+ u+co, (10)
that can be solved with substitution
¥i
o=
(1
This gives
/1/
— =u+ cp.
(1
One can notice that by choosing ¢y = —\; the last equation turns into

=1 +u = M

and, therefore, is satisfied automatically for the solution ; corresponding to the eigenvalue A; of the original



equation (2).

Thus, once a particular solution 7 (z) of (2) is known, we can use it to construct Darboux transformation

d /
=" % such that Dy = ¢! gives solution to the transformed (so-called dressed) problem (5).
T 1
~—

=o(z)
The same procedure can be done by taking any other solution of original problem in lieu of ¢4 (z) and, thereby,

obtain all solutions of the transformed problem with new potential u[*(z) that we will refer to as the dressed one.

Now moving towards more general case, we consider double application of Darboux transformation

Ay
o= (o Yl = i_(%) 4ty
dx ! dx 1/,[1] dz Y1) "’
—_—— 2 | ——
=Dl1] =D
=DI(1]

where wg” () denotes a particular solution of the once transformed problem (5).

Under this transformation potential changes as it follows

ul®) = )~ 204 = u—2(10g )" 2 (log f") " = u—2-2 [1og (vl ).

=g’

A particular solution wél] (z) of (5) can be obtained from another solution ¢, (z) of the original problem (2)

_ Ui — vl

Wi = Dy = 9l — oo 0

Feeding this into the previous expression we arrive at

d2
ull = —2-— |log (145 — ¥1¢0) | ,
N———’
=W (31, P2)

where we rewrote the expression in round brackets as Wronskian of two solutions of the original equation (2).
According to Crum’s theorem, it turns out (and we will show it at the end of the paragraph) that after NV
applications of Darboux transformation the dressing of original potential will have the same structure (see, for

instance, [16])
2

d
™ =2 g Wi, .. v)]. ()

The solution of the corresponding N-dressed problem is expressed as a linear combination of derivatives of

solution of the original problem with functional coefficients



PN = DIy = p(N) g pOV=1) 4 s, (12)

where s1(x), ..., sy(x) can also be expressed in terms of particular solutions of the original problem 1, ..., ¥n.

Indeed, we can notice that

(v-17\’ UAY
DWWy, — i_(N ) d_(q’%) d Y "
Y=g, i), Ll dx pN-I T de me dr U1

Y=L Y

where w,[ﬁ_l(x) is a solution of LKl = \y*] for k=1, ..., N.

Moreover,
D[N]wl = 07
IN=1)’ 1’
DNl — i_(N ) d_@?) d () o= 0
dx w[N—l] T dx wgll dx 1 ’
=Dpy=yl"
N1/ 21\’ ¥
DWNlgpy = i,<N ) ii(%) 77(%) d () s =0
7 | da -1 || dx 2] da (1] de gy )
Vi V3 (&
=Dipy=y}
:Dwél]:w:[f]
IN=1])’ 1’
DNy = d_(wN ) i_(%) d () Yn =0
N dz [N-1] T dx [1] dzx U1 N ’
VN ¥y

:“.:szg\z]v—z]:d)%v—u
Thus, plugging here (12), we come to the system of linear equations for s;(x), ..., sy(z). Determinant of the

system is exactly Wronskian W (41, ..., ¥n). So, according to the Cramer’s rule one has

- Wi (¥y, -, Yn)
W(T;Z]la"'awN)) (13)

S =

where k =1, ..., N and Wi(¢1, ..., ¥n) is the determinant obtained from the Wronski matrix by replacing k-th

column with the vector (1[1§N), ce ¢§VN))T_

In particular, s;(x) can be easily found.
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If one computes

v R i
d d
— W, ... . _
dl’ (¢17 awN) d$
on Py . TP Y
o N N R A
e R TS | U A
_ _ (N-2) terms =0 _
T A A YN U N R
-0 =—s1W (%1, ..., ¥N)

using the rule for differentiation determinants, then it immediately follows that

d
—W (@1, ..o, YN) d
__ d - _ %%
Sl(x)* ‘Irjv(wla---wa) - dxlOg (1/)13 71/)N)

(14)

As one can notice, the expression for N-fold transformation (12) can be rewritten as the ratio of two Wronskians

W(wlv ) 1/’1\7, QZ))
(Nl — pINly, = )
z/} '(/} W(¢17a¢N)
Indeed, using the Laplace expansion we have
v W pi" Y g
YN L S —
W('ll)la"'awN) ) ’
,(/} wl L QZ}(Nfl) 7/](N)
O T A
(N2 L :
T o
AU A R Al
=(-nr-t : :
(N-2) (N-1)

O A

=SSN

11

(15)



o PN )
/ (_1)N+3
+ ¢ +
W o)
2 N—-1 N
v U S v
N N—-2 N—-1
U g ) 5 ) g )
=(-1N-2
N N—-2 N-—1
v UR G
=SN-1
¢1 ,1 z/}ngQ) %Nfl)
(_1)2N+2
+ ™
W, -, ¥n)
N W T A

=1
= ™ 45D sy

Now, employing the representation (15), we can obtain the expression (11) for the transformation of a potential

d? _ d? _ _
N] N-1 [N—-1] _  [N-2 (V—1] [IN=2]\ _ _
uN = 4l ]—2@105;1/}]\[ =ul ]—2ﬁlog<w1\, . Nfl)—...—
d? N—1 N—2 1
= u—2@log(g\, I, E\,fl]-..u £]~1/)1):
— u—2d210g( W(wla"'awalva) _W(wla'-w’(/}Nan 1prl) . .W(’(/}17’(/}2) 1/11) _
dx? W1, ..oy dn—2, Un—1) W, ..., Yn_3, YN_2) Py
d2
= U—Q*lOgW(’lﬂl, ---7’(/}N717wN)7

dx?

where we used formulas (8) for single transformations.

The last formula taking into account expression (14) can be also written as

ulM(z) = u(z) + 25, (z).

12



3 Demonstration of the Darboux transformation

3.1 DPoint-potential in Cartesian coordinates

Consider the Sturm-Liouville equation (1) with the potential proportional to the Dirac delta-function

u(z) = —ad(x). (17)

In order to obtain appropriate boundary condition, let us integrate the equation in 2e-neighborhood of x = 0

/E z/J”(x)dw—/E—(S(ac)w(w)dx: )\/Ew(x)da:

Taking limit as € — 0, we obtain

. (0) = ¥(0) — ap(0),

where (), 1, (z) denote solutions to the left and to the right of the singularity, respectively.

3.2 Discrete spectrum dressing

First, let us consider discrete spectrum of the problem (1) with the potential (17)

Yi(x) = Ae™* + Be "%, x <0,
P(z) =
Y (z) = Ce™® + De™ "%, x>0,

where k£ = VA > 0.

Boundary conditions at £ = 0 (which are simply continuity condition and derived above jump condition) read

¥i(0) = ¥:(0),
Ur(x) = 47 (0) = a(0).

(18)

13



Therefore

2(A-C)k =a(A+ B), (19

2(B—- D)k =—a(A+ B).

Bounded state of the Schrodinger equation problem corresponds to the case when B = 0, C = 0. Then from

(19) it follows that

1
R = §Oé = Ko,
A=D= Ao.
And the bounded state is given by!
Yo(z) = Ag (€°70(—x) + e "%f(z)) = Ag (e — %) (—z) + Age” "7, (20)

Now consider dressing using a general form solution taken from discrete spectrum.

Aef® — Be™ " (Cef% — De™k* Ce® — De™r®

= — 0(— —_ 21

ofz) =k Aeft 4 Be=rr  (Ceh® 4 De—re (—2) + M Cere + De—rz’ (21)
A-B C-D (Aer® — Be”‘“”)2 (Ce"® — De*"“”)2
O'/l‘ = 7/{51' (> +I€2...71€2 — 07134’
( ) ( ) A+ B C+D U (Aemc + Befmc)Q (Cenz 4 Defmc)Q ( )
=0
_A—B-FD—C_% —4AB —4CD
A + B K _7 (AeH:E + Befmv)2 o (Cenx + Defliaj)z_
=ad(x)

) (Ce“w + Def'“”)Q _ (Cenr _ De”‘“)Q
(Cer= 4+ De*m)2
4CD
(Cer= 4 De*’”@)2

+kK

)

where we used boundary conditions (19) in order to simplify the expressions.
Then we can write dressed potential in the symmetric form (though one understands that coefficients A, B, C,

D are not independent, they linked by (19))

INow and later on through the work we use the notion of Heaviside step-function 6(z) to write solutions in compact form suitable
for further calculations.

14



8AB 8CD

1] - / — 2 2
u(z) = —ad(x) — 20'(x) = ad(x) — K0(—x) — k(1 —0(—x)).
(#) = —od(e) = 20/(2) = a0(0) ~ P 0() — e 0(w)
=0(x)
Let us dress this way the bounded state (20)
d
vpl(z) = QhﬁWOW@:Am@wmﬂyfwwwyu%—%wm—
—_——
=0
Aef® — Be™F® Cer* — De™ 5%
—A UL i Y T —A —kox [ % —
ore <Ae” + Be"“”) (=2) ore (Cem + De"‘“”) b()
k [ Ae"™ — Be™"* k [ Ce* — De™ "
= Agkoe™® |1— = (E5_T"20 )| g(—z) — Agrge ™" |14 — ([ =—— =% :
oioc { Ko (Ae” + Be’”)] b(=2) oroe [ * Ko (Ce"“” + De’“)} b()

3.3 Bounded state dressing with a continuous spectrum solution

Now, we consider continuous spectrum solutions

Py (z) = Aetk®  Be~ike x <0,
Y(x) =
V() = Cetk 4 De~ik, x>0,

where k = y/]\| > 0 satisfying the boundary conditions (18)

2(A — C)ik = a(A + B),
(22)
2(B — D)ik = —a(A + B).

Consider the dressing with this general solution from continuous spectrum.

) Aeikz _ Befika: ) C«eikz _ Defika:
olw) = ik [AMBJ b(=e) + ik {W} b@).

15



(Aeik'w + Be—ikx)Z . (Aeik;c _ Be—z‘kx)2
(Aeike 4 Be—ik)?

0(—x) —

o) = —ik(S(J;)(A_B C_D)— 2

A+B C+D

2 (Ceikx _|_De—ika:)2 o (Ceikx - De—ikx)Q 5(2)
— x).
(Cetke 4 De—ikx)?
Then the potential is transformed as follows
A-B C-D
(1l - 925 (2) = | — 17
uttl(z) ad(x) — 20" (z) ( a+ 2ik (A—|—B C+D)>5(x)+
8AB 8C'D
+ : —— E*0(—x) + : . 2k2 (1-6(—x)).
(Aelkrc + Be—ikz) (Celkz + De—zkm)

In order for Schrodinger equation scattering problem has traditional physical sense (with Hamiltonian being a
self-adjoint operator), the potential must be real. Obviously, to satisfy this requirement it is sufficient to impose

the conditions

Then, employing boundary conditions (22), we simply have

A=B=C=D.

Therefore

2k?

ull(z) = —ad(z) + cos? (k)

This potential is roughly sketched on the figure below

16
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The horizontal line depicts 2k2-level whereas the vertical asymptotes, besides x = 0, are also k-dependent:

x 1+ 2n), for any integer n.

0
= E(
Next, let us apply this dressing to the bounded state.

) eikw _ efik:v ) eikm _ efik:r
— —
=i tan(kx) =i tan(kx)
d
Wa) = (dx - U(x)> po(x) = Agro (€5070(—x) — e~ 9%0(z)) + (Ao — Ag)d(x) +
—_———
=0

+AgAke”™? tan (kx) 0(—x) + AgAke "% tan (kx) 6(xz) =

= AApkge™* [1 + L tan (kw)} O(—xz) — AAgrge™ "% [1 _ K tan (ka?)] 0(x).
Ko

R0

3.4 Dressing of a continuous spectrum solution

Let us consider a solution as plain wave coming from x = —oc and being scattered on the delta-potential at x = 0

() = Age'to” 4 Bye~ ko, z <0,
Yo(z) =
Py (z) = CoetFor, x> 0.

The boundary conditions (22) in this case yield

1o}

By=——
0 2k0—ia

AO,

17



%o

CO - 2](50 — it
Then
Yo(z) = Ag | eo® + e e~ 0T ) O(—x) + A072k0 ek ()
2/430 — i 2]{30 — i ’
. j . 2ik2
/ — Ani ikor __ (e —ikox _ A 0 ikox .
¥y () otko <e T —ia e 0(—z) + by m— e 6(x)

Dressing with a solution from continuous spectrum (i.e. taking (23) in the transformation (6)) gives

1/1([)1] (x) = A [iko <1 - Z.Ak;ﬁo tan(kx)) etkor 4 % (1 + iAkﬁo tan(kx)) eikom] O(—x) +

+Aom (1 - zAk—O tan(kx)) el (x).

Oun the other hand, performing dressing by using a solution from discrete spectrum (i.e. employing (21) in the

Darboux transformation), we obtain

Uy = ag litg (1002 (AT =B\ G, _oko (K (O o Dem Y ]
0 <x) 0 |:,L O( +Zl€0 A€KI+B€7'{1" € + 2]@0—1'@ Zk'o C’enm+De—;{x e ( .’IJ)—|—

2ik} Kk (Ce"* — De " ;
Agr—— (14i— | o | | e™70(2).
+ "2k —ia ( +Zk0 (C’e’“the’”"))e (z)

18



4 Single point-potential in spherical coordinates

4.1 Idea of zero-range potentials

It is often the case when model with short-range interaction can be well-described by point interactions. In one-
dimensional Cartesian case, as it is well-known, this can be simply done with use of the conventional Dirac delta-
function potential considered above, however the extensions to higher dimensions or different geometry is not
straightforward. So-called zero-range potentials (or often referred as Fermi pseudopotentials) were originally intro-
duced in [11]. The idea of the method is to replace real interaction potential, that is completely unknown, with
some effective singular potential giving the same long-range behavior in a scattering problem at low energies.

We start with considering the Schrodinger equation in free space outside the range of potential-center placed in

the origin r =0

(19 (1 1 g0V 1 P _
_2,u<7°23r <7“26r> t 2sing 72 sin 6 90 < St 39) * r2sin29&¢2) =&, (24)

=AY

where p, E are mass and energy of a particle, respectively, & is the Planck’s constant.

A standard procedure of separation of variables is

1/)(7% 0, ¢) = 1/’(7")}/17”(9, ¢)7

where now we denote the radial wave function as (r).

The main point of our interest will be the radial Schrodinger equation

(w”+ w) (l“) LIy~ By,

This can be rewritten as

Ll
_<w/l 4 iwl) + ( T—’z_ 1)w _ ka7 (25)
—_——
=0t

=—Ay

where k2 = 2§2E

To demonstrate idea the most easily, we consider for now only partial s-waves, that is setting [ = 0, and

generalization will be given later.

19



Since for r¢)(r) (25) is just one-dimensional Helmholtz equation, we can write general solution in the conventional

form

Y(r) = % (sin kr + tan g cos kr) , (26)

where constants 79, Cy are determined by the form of potential and normalization condition, respectively.

Note that, alternatively, one can write the last equation as

Y(r) = % (so exp (ikr) — exp (—ikr)), (27)

with sg = exp (2ing) terming a scattering matrix.
Next step is to introduce a point-potential that gives the same behavior far from the center as this free space
solution. However, since the solution is irregular in » = 0, the potential should also be singular.

Since for finite energies the solution at » = 0 behaves as

(28)

tanng tanng
~Cy(1 ~ C
¥(r) 0 ( + kr ) O kr

we can employ the identity (which validity can be easily verified by means of integration over a ball and applying

the Gauss’ theorem)

fAl = 47 (7)
r

and calculate

C A = drCy PR

o(7).

Now, taking into account that the term k2 is less singular than Az at r = 0, we can introduce into the
Schrodinger equation a source term leading to the desired behavior of solution (characterized by the parameter 7))

at the origin. Hence, the equation valid for the whole space should be

tanng

—Atp — k*p = 47TCOT5(F). (29)

It remains only to eliminate normalization constant Cy from the asymptotic behavior of the solution at the

center (28). This can be done by applying the appropriate operator

Co= S0 . (30)

r=0

20



Therefore, (29) results in

tanng d o
( A —4r - 5(F)drr>wk . (31)
Denoting
tan
ag = - (32)

(that is an independent of & quantity for small energies, as it will be shown later), we bring the equation (31) back

to the form of the original Schrodinger equation

ag h2

I

th 2 1 d =F 33
~gu A2 o) oo | 0= B (33

=U,

Thus, we can conclude that given the scattering characteristic of a potential, we can introduce singular point-
center pseudopotential as operator Uy = 27T“‘L—h25(77) %r into the Schrodinger equation that is valid now in the whole
space.

Alternatively, we can consider free-space solution having an appropriate asymptotic behavior at the origin, that
can be formulated as a boundary condition.

Indeed, to eliminate the normalization constant Cy and express the potential parameter 79, we can form a

combination

_k
ot

,  tanmo

:71/a0. (34)

Y

r=

This is consistent with the fact that interaction between particles can be described by the only parameter [5, 7]

dlog(ry) 1 d(ry)
dr o )

- the value of the logarithmic derivative " dr

For bounded states we can write

where 8 = 1/ap > 0 is the s-wave inverse scattering length.

In this form it can be seen as a sewing condition on the boundary of some infinitely deep and narrow potential
well with the admissible (decaying, for a bounded state) solution at infinity.

Next we will give overview of more general potentials with possibilities of their extensions, however, taking
into account that the partial s-wave gives the most contribution, it is usually enough to use spherically symmetric

zero-range potentials described by the ZRP condition (35), and this is what we are going to employ onwards.
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4.2 Generalized zero-range potentials

The same idea for the case I > 0 yields so-called generalized zero-range potentials. Although, this case was treated
quite a long time ago [13, 12], it was not until recently when the situation started to become clear as the mistakes
in Huang’s works were corrected and different approaches were proposed [8, 18, 14]. However, to avoid possible
ambiguity, the final expressions for pseudopotential given in those works still should be understood in an appropriate
mathematical sense [17].

It is well-known that the general solution of the radial Schrodinger equation (25) can be formed as a linear

combination of spherical Bessel and Neumann functions, j;(kr) and y;(kr), respectively,

¥(r) = C (u(kr) — tanmy(kr)) , (36)
or as a combination of spherical Hankel functions

(r) = G (suhf (k) = b (k) (37)

with s; = exp (2in;) being a scattering matrix.

Taking into account the following asymptotes at kr — 0 [1]

) (kr)"
kr) = ————— 38
(20— 1!
y(kr) ~ ————, 39
(kr) s (39)
written with notion of the odd factorial (21 + 1)!! = (21 +1)- (21 — 1) -...-3 -1, we obtain asymptotic behavior of
finite-energy solution at the origin
~ (kr)" 20—\ (21 — 1!
w('l") ~ Cl ((2Z—|—1)” + taan ~ Cl taan. (40)
From here, the constant C; can be expressed as
(20 4+ g2t I+l
Ci= @) e () » (41)

22



Following the same approach as for the case of [ = 0, we define pseudopotential as

= ,
Ui =5 lim (A +12) v, (42)

Since for finite energies the term with k2 is obviously smaller than exacerbated by the differential operator

10,0 1+

=——7
r2 Or Or r2
—_——

=A,

1
singular behavior of the solution (40) at the origin, it remains to obtain properly an effect of Aﬁ . In order
r
1
to do it, we form a combination rlAﬁ and consider it separately in a sense that multiplication by a spherical
r

harmonic Y},,,(0, ¢) is not implied, and integrate it over a small (such that asymptotic expressions are valid) ball
in coordinates (r' =r, §', ¢') (where we have A’ = A,. due to absence of dependencies on angular variables marked

with prime and chosen volume of integration, that is a ball)

1 1 1(l+1) 1
l _ l _
/V r A—rl_ﬂ av’ = /v r (A/rl-i-l ——F rl—&-l) v’ =

1 1 1 I1+1) 1
_ LAY . 1.0 1,0 . l . ’r_
= /v <TA7“H‘1 Tl+1Ar>+/‘/ —rl_HArdV /Vr 2 —rl_HdV =

=0

1 1 - 1
_ l l r r
= /S (rVrHl —rHlVr)dS _[_(Hl)_l]/& 72ds =—4r (20 +1)

26l_

1

where we have employed one of the Green’s identities and straightforward calculation A’r! = < (r a—r > =
r2 Or r

11+ 1)r=2,

Therefore, we conclude that

1 1

T

where the last part of the equality should be understood in a proper distributional sense (cf. chain of discussions
[12, 18, 8, 14, 17]).

Eventually, combining this result with the previous expressions (42), (41), we obtain
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20+ D! A2 tanny, 1 o2+l

I+1
U =-2r(2l+ 1) (2l — D! (21 T 1>! ; SRS (r) 57271 (r + ¢) . (43)
=(204+1)!! —_—
(21+1) 1
2l

As before, an alternative to pseudopotential approach (and less ambiguous) is to impose boundary condition
similar to (34) that can be readily found from the asymptote of the solution (40). The desired combination allowing

to eliminate C yields

1 gAft (r 1) 2+ 1) 1 g2 24! /a2 (44)
ity grat e @D @ -1 tany | @-—nn/T
——
=211
where we introduced
tann,

2041 _

a = (45)

Before when writing (32) we have already stated that this quantity does not depend on k at its low values.
Let us analyze this more general combination and give postponed justification for the particular case of [ = 0.

At the zero energy (i.e. k = 0) the radial Schrodinger equation (25) admits the following general solution
= Ay Ag— 46
Y(r) = Air' + 2 T (46)

On the other hand, we can consider solutions (36) for non-zero but small energies such that the small argument

spherical function expansions (38), (39) can be used. Thus, by imposing requirement of matching (36) and (46), we

conclude
kl

A ~C00 ——

1~ G 20+ 1)
20 — 1)
Ay~ —Clo tan m(k%

Therefore
1

2l+1

~ —Ay/A
tany ~ = Az /A T e = on

=const
The quantity (45) is termed as the Wigner’s threshold scattering length.

This allows to rewrite the expression (43) once again, hence the resulting pseudopotential to be introduced into
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the radial Schrodinger equation is

@20+ D) af TR 5(r) 92 L

Ur=2r—m Az gpaet

(47)

4.3 Even more general potentials obtained by dressing

First of all, we notice that the radial Schrodinger equation (25) can be brought to the form (1) eligible for direct

application of obtained formulas. Namely, performing substitution ¢ = x/r, we readily obtain

[(1+1
4 D = D=k (48)
———

=uy(r)

That is to say, that we can apply Darboux transformation to the equation (25) meaning that all original wave

functions 1 should be multiplied by r whereas the potential term

remains unchanged.

We start by choosing a spherical Bessel function as the seed solution

Yi(r) = Cji (kr) (50)

and apply N-th order Darboux transformation by taking spherical Hankel functions with specific parameters k.,

as prop functions

b (1) = CBY (—ik ), m=1,..., N. (51)

Note that we denote here and later on C' as generic constant without specific value, so that it can absorb constant
multipliers (where their meaning is not important) without changing notations.

We can employ Crum’s formula (15) and write the transformed solution

W (rés, ..., ron, )
rW(réy, ..., 7é¢n)

oMy =c (52)
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The Wronskians can be computed if we consider asymptotic behavior of spherical functions at r — oo

__ sin (kr —Im/2)

k) 2, (53)
cos (kr —Im/2
yi(kr) ~ —%7 (54)
. . ) exp (tkr
W r) = k) + (k) > (i)' SR (55)
, , 141 €XD (—tkr
) (kr) = ji(kr) — iy (kr) ~ zH'l%. (56)
Then the Wronskians turn into Vandermond determinants, hence,
¢[N](7”) _c (—i)l exp (ikr) A (ky, ..., &N, ik) _ P (—ikr) A (K1, ..., kN, —ik) (57)
! kr A(Kiy ...y KN) kr A(K1y ...y KN)
The Vandermond determinant can be computed by noticing that k¥ = —ik,, (for m =1, ..., N) are the roots

of polynomial with respect to k equation that is obvious from the form of the matrix (replacement ik — k., yields

its zero determinant due to linear dependencies of the rows), thereby allowing the following factorization

1 K1 KZ% e I{{V
1 Ko Ko Iiév N
A(ky, ..., kN, ik) = =C ] (5m —ik).
m=1
1 kn KX KN
1 ik (ik)? (ik)™
Denoting
N .
(km — k)
= —_— 58
S 7n];[1 (Iim + Zk)) ( )
we recognize in (57) the asymptotes of spherical Hankel functions, hence
M) = ¢ [sinf? er) = nf? (kr)] (59)
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According to (11), the corresponding to this solution effective potential is transformed from (49) into

[1+1) & _ .
UEN] ==z - QW log W (rhl(l)(—mlr), ey rhl(l)(—mNT)).

(60)

=W

From this expression, due to the asymptotes (55), (56), we can observe that the Darboux transformation does

not change the behavior of the potential at r — oo

N L(+1)
ug I~ a U
whereas singular behavior at the origin is changed.
Indeed, using the asymptote at r — 0
(-1 1@2-nh

hl(l)(m‘) ~—i

: (61)

(k)2 (k)

where, in fact, particular values of constants in these terms are not important for us, due to further Wronskian
calculations at the right-hand side of the equation (60) which result is affected only by total power of 7 in the
expression (however, due to cancelations in the first order, next term needs to be taken into account).

Eventually, we arrive at the transformed effective finite-range potential behavior in vicinity of the origin

V] LI +1)—(N+1)(N—2)—2Ni], N > 1,
u A (62)
S+1)-21, N =1
Connection with generalized zero-range potentials
In particular, one can notice that the expression (59) coincides with (37) if
N )
) (km — ik)
2 = ~m 7 63
exXp ( 'Lnl) H (Km + Zk') ) ( )
m=1
or, taking into account (45),
N ) N ,
tanm — _al2l+1k2l+1 — _iHmzl ("im - Zk) — Hm:l (Km + lk) (64)

Ty (b — i) + TTon_y (65m + k)

And we conclude that for the direct correspondence N = 2[ + 1 should be taken.

27



Since

N N N N N N N N
(5 + k) = [ #m +ik Y [] om + @*D D" T #m -+ () ki + (i)
m=1 m=1 n=1 m;l j=1n<j ;n:l#_ n=1

we continue the last equality as

201 20+l 2041
ik, Ihnly fm 4 -+ (ik)
a2 = m#n

—1 .
T ke + o+ R 2 5,

(65)

We can see that by matching coefficients at the same powers of k (namely, by setting all terms but the first
one and the last one in denominator and numerator, respectively, equal to zero, and szl Km = —1 (i/al)2le1 =

(-1)"/ a7'*') we obtain a set of equations allowing to determine all the transformation parameters .

However, one can use an alternative and more convenient approach of choosing &, .

Given some quantity a = |a|e’®+, the parameters k1, ..., k41 needs to be chosen in a way that
2141
I (5m +ik) = (ik)*** —a. (66)
m=1
This is equivalent to the ik = —k,, (m =1, ..., 21 4+ 1) being the roots of the equation
(ik)* ! = q,
that is to say —k,, = ®*¥/a, or

—Km = |a

1/(2141) (¢a + 27m) _
exp<12H_1 , m=1,...,2l+1. (67)

Following the same procedure, we can write (simply by replacing ik — —ik)

Substitution of (66), (68) into (64) results in

EROE

. 1
al21+1k25+1 = 22 L2+ = a= (_1)l+1 al2l+1~
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Therefore, providing a; is a real number, (67) yields

[+2m+1

=1,...,2[+1.
). m=L (69)

Km = —1/a; - exp (i?‘(‘

To sum up, the Darboux transformations significantly broadening the range of solvable potentials, in particular,
give a possibility to tune a free-space solution to correspond to potential scattering characteristics, whilst the same

transformation of the solution at the origin yields generalized zero-range potentials behavior.
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5 Problem with plane symmetric multiple point-center potential

5.1 Toy problem with 3 point-centers - discrete spectrum

Let us start with considering a problem of finding bounded states of the potential describing symmetrical structure

with 3 fixed point-centers (i.e. their positions constitute the cyclic group Cs).

Due to linearity of the Schrodinger equation, the superposition principle can be applied and, therefore, bounded

state solution (33) is written in the form

—k|F—R —k|F—R —k|F—R:
| R1| e | R2| e ‘ R3‘
+Cs

wﬁ—a7

7 — R

’F—Rl‘ T—Rg’

2uE
—S
This solution must satisfy zero-range potential conditions (35) at each center

where kK =

oog (|7~ Fi| - ()

a‘f—éi

We expand on calculation and existence of these derivatives while discussing general case of N point-centers in

the next section.

Taking into account that ‘R} — ]%1‘ = ‘é3 — ﬁl‘ = ‘E:; — ]:ng‘ = AR, these conditions give
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eanR

Cy+ Cs
+ Cy
Ci+Cs
+ o
C1+ Cy
+ s
In the matrix form this reads
(B — K)AR - AR 1
1 (B — K)AR - AR
1 1

Compatibility condition of this system is

AR - _63
e—chR
N
—kAR
N
q
Cy
(B —K)AR - erAR Cs

where

This leads to two possibilities

1
in case if 8 > AR and

2

providing 5 > N

1 a
a 1
dg— :a2—1,
1 a
1 1
by = =a-—1,
1 a

a=(8—kK)AR-e"AE,

(B—r)AR- "R =1,

(B—K)AR - e = 2

1 2
Existence conditions 8 > — and 8 > AR for (71) and (72), respectively, are apparent from plotting with

AR

respect to x the both sides of the equations kKAR = SAR — e "R and kAR = AR + 2 - e "AR,
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AR
§ KAR

BAR+2

BAR  dfeeerseeaueeaneeaneeaaeeaanee e e ante et e anaeanaaneas .

0
//:i_AR/—_cT 1 BAR 4 2. e—*AR
BAR-1 N T et S M

Solution corresponding to the last condition (72), i.e. a = —2, can be found using the Cramer’s rule.

Take, for example, C3 = Cj as a free variable and consider two of the equations

a 1 C1 —Co
1 a CQ —C()
Then the Cramer’s formulas yield
ba 1
Ci=0y=—-Cop— =—-C = Cp.
1 2 07, ] 0

Thus, in this case we have predictable from the symmetry properties result C; = Cy = C3 = Cy where Cj is
simply a normalization constant.

The first case, (71), allows to have any values of Cy, Cy, C3 satisfying the only condition
Ci1+Cy+C3=0,

that is obvious from the direct substitution of ¢ = 1 into the set of equations.

Let us consider this case in more detail. The solution (106) yields

o—r| =T |

1= G+

— |- | o—r|7=Fia]

€ — (Cl +CQ)

—
—

’/‘—R1’

F—RQ‘ ‘*

T—Rg’
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T

However, due to symmetry in positions of centers, only those solutions which are symmetric must be realized.

This is to say that given an energy level, all corresponding states must possess the symmetry of the problem.

Mathematically it means that all Hamiltonian eigenstates must also be eigenfunctions (with eigenvalues of the

complex exponential form e?0, multiplication on which is known not to change a state of the system) of an

appropriate rotation operator.

To employ this symmetry considerations in a convenient way, we choose coordinate system such that all centers

are lying in the plane z = 0 (i.e. 8§ = 7/2, see the figure), and formulate an eigenvalue problem for the operator T3

that performs rotation of the coordinates around z-axis on 27/3 angle

e F F—Rl‘ e—n|?—§2| e—n|F—é3|
T3(7) = AC1 ———= + ACs — — AMC1 +Cy)
’F— Rl‘ 7

T—Rg’

—

’I"—Rg‘

On the other hand, since in our case the rotation results simply in the transposition Ry — ﬁg, ﬁg — E3, ﬁg —

R1, we have

|7 B o[l N

T3ap(r) = o — (C1+Cy)

—

T‘—RQ‘

—

’I’—Rg F—Rl

From the last two expressions it follows that

[CL (A +1) +Cy) & +\Cy — (4] —[CIA+ Cy (A +1)]

—
—

T—R1’

—

T—RQ‘
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R e*ﬁ"?fﬁi
However, we note that due to the order (symmetry) in positions of point-centers R;, the functions ‘

7R,

i =1, 2, 3 can not be considered as independent.

Assuming an observation point to be arbitrary but close to the origin of the symmetrical structure, i.e. r < Rg

where Ry = ‘ﬁl‘ = ’Rg’ = ‘]?’,3 , we can do approximation e~ —rRo i =1, 2, 3 and write the following

expansions

7!

1 oo
— = P (cos;), 1=1, 2, 3,
- R, ; R

-

7R
|7 Ro’
Now we utilize the addition theorem for spherical harmonics (see, for instance, [4]) that gives

where cosy; =

l

> (=1)mY™0, ¢) Y™ ()2, 0),

m=—

47
20+ 1

Py (cosy) =

Pr(coss) = =2 7 (—1)™ (0, 6) Y (r/2, 21/3) |
_,_/
a0y

4

Pi(cosys) = g O (D)"Y, 6) Vi /2 4x)3)

—_—

P i
:}/l—m(Tr/Q’ O).e—sz

Taking these expansions into account, the expression (73) leads us to

; l—|— 1 Rl+1 Z ™(7/2,0) [(Cl _ )\C'g)e_i%ﬂ”q_

+(AC1+ G2 (A1) e F " = CL(A+1) = G| V(6 6) = 0.

Due to the independence of different spherical harmonics, we readily conclude that the expression in square
brackets should be equal to zero for each m. Because of periodicity of the complex exponents, this condition is
reduced to be valid only for m =0, +1, +2, £3.

Thus,

(01 /\02) 3 (/\Cl + Cy (/\ + 1)) - Ch ()\ + 1) Cy =0, |m| =0,...,3. (74)
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Obviously, for m = 0 the condition is automatically satisfied, so we consider the case m = +1 and, later on, it
remains to check that the result is consistent with fulfillment of the conditions for m = £+2, £3.

For the case m = +1 we require
(—1 A teiF 4 Ae—i%”) Oy + (—1 X F 4 (142 e—i%’*) Cy =0,
(—1 — AT 4 /\ei%“) C1 + (—1 — AT £ (14 2) ei%”) Cy=0.
To have a non-zero solution, the characteristic equation of the system matrix must hold true.
Skipping tedious intermediate calculations, the characteristic equation simplifies to
AN +A+1=0.
This gives

)\1 = ei%r, /\2 = ei

It is a natural result due to commutation of the rotation operator 75 and the Hamiltonian of the system, as it
was mentioned before.

By finding the corresponding set of constants Cy, Cs (calculations are purely algebraic and quite cumbersome

to be given here), we end up with the following eigenstates corresponding to A1, Az, respectively,

- eflﬁ‘Fle‘ 67/{"(?732‘ - e*l{|’FﬁRg|

P1(7) =Cor - [ "% — — —— tet——r 1,
FoR| |F- Ry F—Rg‘
716—5|T—R1| —5|r—§2| e—n|?—ég|

Po(7) = Coa - | €' — - T te '’ - ;
’T—Rl‘ F_RQ‘ "I‘—Rg‘

where Cy1, Cyo are normalization constants.
In order to make further generalization possible, it is convenient to redefine constants Cp; — Co1 - €'5, Cpa —

Cos - €73 and rewrite the last expressions as it follows

6—K|F—Rl| Com e—K‘F—EQ‘ Com —K|T‘—R3|
¢1(7?) = COI . T o + eilTi_, + ezTi_, ) (75)
7~ R 7o | 7 — R

35



s e e

|r R1| Com KIT‘ R2| o n|r R3|

o) =Cop- | St T e (76)
‘F—Rl F—Rg‘ ’F—Rg

These states (that are, in fact, complex conjugated) corresponding to the eigenvalue with the energy determined

from (71), along with the state

or[FFr|  mn|rFa|  —n|r Rl

3(7) = Cos - (77)

—

+ = - )
PR PR |- R
having the energy to be found from (72), make up the complete set of solutions for the 3 point-center symmetrical
potential case.

Also we note that each of these solutions is an eigenfunction of the rotation operator T (with eigenvalues e? ™,

ei%ﬂ, 1, respectively) and, therefore, obey to the symmetry of the problem.

5.2 Case of N point-center plane symmetric potential

Now we continue with generalization of the previous case by considering the potential describing a symmetrical
structure with point-centers forming the cyclic group Cy in space.

As before, we write solution as

N o~ r|F—Ru|
U(F) =Y Ch——=, (78)
k=1 T — Ry
subject to the conditions
o1og (|7~ Fi| - w()
0|7 - R )
|F—R:|=0

wherei =1, ..., N.

)

Let us introduce the following notation. We will denote a distance between nearest neighboring centers as ARy,

between every second center from each given one - ARy, every third - ARj3, and so on.
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From simple geometrical considerations it follows that

or
AR; = 2Rysin (1\7; : ;) = 2Rosin (¢;41/2), (80)
2

for j =1, ..., [N/2], where [-] marks integer part of an argument (i.e. the floor function), ¢; = WW (j — 1) azimuthal

angle coordinate of a j-th point-center.
We develop conditions (79) to show the existence of such derivatives
0log (‘F— R - ¢(F)) 1 o—FAR: o—KAR:
= —|l...+Cici - ————-C;- Ciy1-
a‘F—ﬁ:i Ci [( O TRR, nEC AR T >+
|F—R:|=0
RICCEE=—
+ ‘F— &l

o |7 — R

|F—R:|=0

To show that the last term in the square bracketed expression is well-defined and equal to zero due to the

—

presence of the multiplier |#— R;|, we first note that ¢ (7) — er_iﬁl is a function of the arguments

Fka’ for

k=1,..., N, k #i, which does not lead to a singularity when computed at |7 — R;| = 0. Thus, due to the chain

37



. . o 9|7~ Ry L3 . .
rule, it remains to demonstrate that the derivatives 3||:”—ﬁ;\| ¥ — R;| = 0. This can be done in a

do not blow up at

straightforward manner as it follows

o2 - 2
olF— R o|r-Ri+ AR 6\/F—Ri 2 (AR, 7 - ) + | AR
o |7 — R, o |7 — R, d|F — R,
) d (Aﬁik, 7 Rl)
= BN 7 — Ri + N )
7 Ry dlF— R
where Aéik = R'l — Rk.
Taking into account that
d (Aﬁik, 7 in) (Aink, 5) 0 )
— = lim = ‘ARik - cos Dy,
d|7— B ) 3]0 ‘5(
-l
(8w
where cos &g = EEGE we conclude
0|7~ |
S E— = cos Pg
olF-Ri| .
|7—Ri|=0
That is, we have shown required boundedness
0|7 - Ry
N — <1,
o|F—R; -
|F—Ri|=0
Therefore
810g (‘77— ﬁl . ’(ﬁ(fy)) 1 efmARl 675ARI
=—(..+C 1 —— —C;- Ciiy - - _3.
8‘?—]% ) Ci( + 1 AR K+ Cit1 AR, + > B

|F—R:|=0

Next, due to peculiar differences, we consider separately the cases when N is even and odd.

5.2.1 Case of even number of point-centers formulation

Consider first the case where the number of point-centers N is even.
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Conditions (79) yield

C e*NARl efI{ARQ C e—KARN/Q_l e—KARN/Q C
— —C+ ——— iiit ——C _
(B=r)Cit —xp=Cot —xp—Cst.. F Rlina, OV + Rli, N2+ +
e_HARN/2—1 C e*HARQ C efﬁARl C 0
+ 7ARN/2,1 Nj242 T ...+ ARy N-1+t AR, N =0,
e*HARl C C efﬁARl C e_K‘ARN/2—1 C e—KARN/Q C
TRI 1+ (B—k)Cy+ AR, 3-|-...-|—W/271 N/2+1+m N/24+2 T
e_HARN/2—1 C e*NARg C efﬁARz C 0
+ 7ARN/2,1 N/24+3 Tt ...+ 7AR3 N-1*t AR, N =0,
In the matrix form we can rewrite this set of algebraic linear equations as
(B—r) X1 co- XN/2-1  XN/2 XNj2-1 - X2 X1 Ch 0
X1 (B—=K) ... Xnj2—2 XN/2-1  XN/2 .- X3 X2 Co 0
X2 X3 <o« XN/2  XNj2-1 XNj2—2 .-+ (B—K) X1 Cn-1 0
X1 X2 .o- XNj2-1  XN/2  XN/2—-1 --- X1 (B~ k) Cn 0
e_NARJ
where we utilize notation x; = forj=1,..., N/2.
AR;

5.2.2 Case of odd number of point-centers formulation

Now we proceed with the odd number N of point-centers.

In this case in similar fashion as before we employ (79) and obtain
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C efﬁARl C e*HARQ C e—ﬂAR(N,I)/Q C
B=m Ot =R Gt Rp, G RRy Ly, (oo T
e—nAR(N,l)/Q o eanRz o e*NARl o 0
+ m (N+1)/2+1+'“+TRQ N71+TR1 N =0
e*NARl o o —kAR: o e_NAR(N—l)/z o
Ar, TRt R Gt R Gz
e—nAR(N,l)/Q o eanRg o e*ﬁARQ o
_ . _ _ =0
+ ARy (N+1)/242 T ...+ AR N-1+ AR, N )
In the matrix form this reads
B-r) xa X(N-1)/2  X(N-1)/2 X(N—1)/2—1 «-- X2 X1 Ch
X1 (B— k) X(N-1)/2—1 X(N-1)/2  X(N-1)/2 S X3 X2 Co
X2 X3 X(N-1)/2  X(N-1)/2 X(N-1)/2—1 (B—r) X1 Cn_1
X1 X2 X(N-1)/2-1 X(N-1)/2  X(N-1)/2  --- X1 (B—r) Cn
e—KARj
where again we denote x;, = ——— for j=1,..., (N —1)/2.
AR,

5.2.3 General case formulation

(82)

Formally, we can combine both previous cases into one (though in quite awkward manner, utilizing again notion of

[-] for separating integer part of an argument) and write

e*ﬁARl efliARQ
— k) C C. Cs+.
(B—r)C1+ AR, 2+ AR, 3+
N e~ FAR[(N-1)/2]1+[N/2]—[(N+1)/2]
ARY(N-1)/2]+N/2]-[(N+1)/2]
e*liARl C C efliARl C
ARl 1+(ﬁ—/€) 2+T]%1 3+.
e~ FAR[(N-1)/21+[N/2]-[(N+1)/2]
+

AR[(N-1)/21+[N/2]-[(N+1) /2]

e FAR[(N-1)/2] e~ FARN/2)

ot ———Cyn— + —Cyn-
AR[(N71)/2] [(N-1)/2]+1 AR[N/2] [(N—1)/2]+2

e*NARQ efﬁARl
C[(N_l)/2]+3+...+7AR2 Cn_1+ AR, Cn
N e~ HAR((N-1)/2] o N e~ FARN/2)
i AR[(NA)/Q} [(N-1)/2]+2 AR[N/Q] [(N-1)/2]+3
e*NARg efliARQ
Cin-1)/2144+ -+ AR, Cn-1+ AT Cn
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5.2.4 Particular cases N =4 and N =5 solutions

Before we will be able to come up with the solution of the general case, we get back to few particular cases that
help us to make an important observation allowing to proceed with generalization.

Case N =4

We immediately start with the zero-range potential conditions (79) in the matrix form

(B-£K) x1 X2 X1 1 0
X1 B-kK) x1 X2 C: [ |0
X2 X1 B-£K) xi1 Cs 0
X1 X2 xi  (B—k) Cy 0

Two roots of the characteristic equation can be easily guessed. One of them follows from the trivial symmetry
consequence stating that the state with C; = Cy = C5 = Cy is a solution. This is consistent with the condition

above providing the energy level solves the following transcendent equation
k=B =2x1(k) + x2(K). (84)
By inspection, one can see the second solution corresponding to
K —B=—xa(k), (85)

since, indeed, § — k = x1 turns determinant of the matrix to zero (due to linear dependencies of rows).
From the characteristic equation it is seen that this eigenvalue has multiplicity 2 and the last energy level

corresponds to solution of

k=B =—=2x1(k) + x2(k). (86)

As before, analyzing behavior of both hand sides of the equations, we conclude that fulfillment of the conditions
2 1 2 1
(84), (85), (86) is guaranteed in case if § > — (AR1 AR2> B > , B> (ARl AR2>’ respectively.
From the linear set of algebraic equations we find that Cy = C4 = —03 = —( for (86), while (85) gives just

C3 = —(C1, Cy = —Cs. The uncertainty of choosing constants in latter case is reduced by imposing condition of

symmetry of solution, i.e. a solution must be an eigenfunction of the appropriate rotational operator.
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Therefore we solve eigenvalue problem for the operator Ty that performs rotation around z-axis over angle 7 /2.

As for the case of N = 3, this yields
(Cy — ACo) e ™8™ 4 (Cy + ACy) e ™ 4 (=Cy + ACy) e " 5™ —Cy —AC1 =0,  |m|=0, ..., 4.
It is sufficient to solve
3 ;37

Ch (e_i%m + XTI _eTiT™ )\) + Cs (—)\e_i%m +e M p Ne T 1) =0, m = =+1,

and check validity of the result for all other m.

This gives
>\1 = ei%7 )\2 = 62371 = eii%7
corresponding to the relations Cy = —iC7 and Cy = iC1, respectively.
Therefore?
e—n|F—ﬁ1| . e—n|?—ﬁ2| _ 6—n|F—I§3| . e—n\r*—m\
1/)1 (’I:‘) = 001 . T ST + e 2 . + e - + e'2 - 5 (87)
7~ R - Ry |7~ Ry 7 |
B T L A I N
P2 () = Coz - —— et ———+e " ——te To——— | (88)
7 Ry 7o R 7 R 7 R
Also we write two other solutions corresponding to spectral conditions (84), (86) that we found
) T LS X 0 AT & X
’(/Jg(’l“) = 003 . . + . - . 5 (89)
PR R |F-R| |- R
T N I NI L N X
7/14(77) = Co4 . - + e " . . + elﬂ'i_’ 5 (90)
F— R FeR| |- Ry 7 - Ry

and note that they can be represented as complex conjugated (this fact is predictable since the potential in

Schrodinger equation is real) and realize the eigenvalues of T operator A3 = 1, Ay = €', accordingly.

2Here and afterwards we use notation that might be not the most compact, but the one that makes easy to see further generalization.
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Case N =5

Omitting details here we act in a similar fashion as we did before in cases N =3 and N = 4.

As usually, we start with

X1

X1 X2 X2
(B—K) X1 X2

xi  (B-r)  x1

X2 xi  (B—k)

X2 X2 X1 (B

X1

X2

Cy
Cs

Cy

Cs

03 =

o o o o o

Since it becomes more difficult even to solve the characteristic equation, we make use of symbolic computation

and employ both MAPLE and MATLAB software for performing different parts of calculations and analysis of

relations between constants C1, .

This reveals that we have two pairs of complex conjugated solutions

1 (7) = Cor -

Yo (7) = Cog -
and

P3(7) = Co3 -

() = Coa -

||

. -
T—R1

-2
—ig

+e

_jAr
5

e—fﬁ‘?‘—ég

‘F—Rﬂ

e

\ . _iﬂe—ﬁl’?‘—é3| . iax e—n|?’—ﬁ4|
e 5 e’ ——
’F—R4 ‘F—R4
. 67K|F7}_%‘3| n efn|r7Ra4|
+es - € -
7 — Ry 7 — Ry
\ '2lefn|r7§3| o e*/{|7‘7§4|
+e’s T Te€ -
7 — R3 r— Ry
+ e 7/1|T‘7R’3| 7I€|’I‘7R'4|
e s —— +es -
¥ — R3 7 — Ry
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+es

—K|’F—R5|

.., C5, resorting the task to an auxiliary problem of finding matrix eigenvectors.

(92)



as well as the obvious solution

—r|F-Ra|  -r|F-Ra|  k|F-Rs|  k[F-Ra| k|7 s
P5(F) = Cos - — — — — — (96)
PR R F-R| PR PR
The states (92), (93) correspond to the energy to be found from
1 V5
B—n =5 () + xa() + %5 (xal) — xa(w) (o7)
1 1 1 1 1
Existence of the solution is guaranteed if g > = (ARl + ARg) + ? (ARQ N )
The other pair of states (94), (95) possess the energy solving the similar transcendent equation
1 Vb
B~ n =5 a(R) + xa(m) — %2 (xal) — xa(w) (98)
1 1 1 5 1 1
Fulfillment of the condition 5 > = (ARl + ARg) — g <AR2 - AR1> helps to ensure these states exist.
The last state (96) with energy bringing solution to
B—r=20a(k) + x2(k)) (99)

1 1
surely exists if 5 > 2 (AR1 + ARQ)'

From symmetrical point of view, in order for a solution to be an eigenfunction of rotation operator T (and,

therefore, possess required symmetry), constants Cy, ..., C5 defining the state must satisfy
q (—)\ + e_i%ﬂm) + (s (—Ae_i%ﬂm +e” ) +Cs ( Sy e_i%ﬂm) + (100)
+ C4< i5m+el%m)+05(f/\e*i%m+l) =0, |m[=0,...,5.

Among these equations only two couples of them are effectively used: m = +1 for determining constants in the
solution (92), (93) and m = +2 in finding the states (94), (95).

Note that the states (92), (93), (94), (95) realize the operator Ts eigenvalues A\, = €', Ay = €5 = ¢~ 5"
Az =¢€'5, Ay =¢'s = e_i%, respectively, while the obvious symmetrical solution (96) corresponds to the trivial

eigenvalue \5; = 1.
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5.2.5 General case solutions

Having obtained solutions for simple cases, we are now able to see general patterns.

Since with increasing of number of point-centers, the ZRP conditions matrix grows and becomes extremely
difficult to tackle, we change our point of view and start solving the problem immediately using the symmetrical
considerations. That is to say that, for example, in case of N =5 instead of solving ZRP conditions system (91) it
is better to begin with the set of equations (100), knowing that all eigenvalues of T’y operator performing rotation

on 27 /N angle are realized and can be found without solving corresponding characteristic equation:

27

Ty =1 = A\ =¢Fi, j=0.., N-1

Now we make use of previously obtained results regarding the fact that complex conjugated states with the
same energy level realize complex conjugated eigenvalues A of Ty and consider only eigenvalues \; = e with
0<¢; <7 where ¢p; =225, j=0,..., [N/2].

Next, according to our observation based on cases N = 3, 4, 5, we state that the constants C, ..., Cy in
(78) determining the state with \; are obtained by successive multiplication by e~ of some initial normalization

constant value Cp; so that

67!{|’F*R‘1‘ ) 67I€|’F"7R?2|

=i

Vi) = Coj- | 7= »
”I‘—Rl‘ ‘T—RQ

7N|F7RN71‘ 7I€|7_“7RN|

Fo eIV C 4 eI N=1#; , (101)
|7~ Ry |7~ Rx|
and its complex conjugated
—k|F—R —k|F—R —k|F—R
B} [F=Fa| |F~Re| |7 R
Gi(7) = Coj- | S e e g Py (102)
7 Ry 7o Ry 7~ R
k| B —R
T4 e (N2 € il ciN=1)g; ¢ =]
F— ﬁNfl‘ r — ,éN

As it was pointed out, the both states possess the same level of energy to be found by solving transcendental

equation with respect to x. This spectral condition can be obtained by substituting the set of constants for one of
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these states into the ZRP conditions. Namely, it results after the substitution Cy, ..., Cy relations into one of the
equation from the set (83).

Summarizing the obtained results, we generally write bounded states as

o~ |7 R
Y™ (7) = Cy, Z eli=be — (103)
‘F R
where ¢, = %” (n—1),n=1, ..., N with the corresponding energy E(™ = — ";22 to be found from solution of
—r|Rs—Fa|
— K+ Ze“ﬂ et (104)
‘Rj - R

or, alternatively rewritten (taking into account that ‘ﬁj - ﬁl‘ = Ro/2(1 —cos¢;) = 2Ry sin (¢;/2)),

N i
1 o €—2HR0 sin(¢;/2)
_ - 7’(]_1)¢n— — 0 105
B=rt om, sz sin (¢, /2) (105)
However this numeration (n = 1, ..., N) corresponds to complete set of energy values including repetitions,

since we keep in mind that all energy levels except n = 1 and possibly (if N is even) n = [N/2] + 1 are degenerated
having multiplicity 2, as it was discussed above.
Additionally, for the sake of further simplification of the expressions (101), (102), we again consider separately

cases of even and odd number of point-centers.

5.2.6 Even number of point-centers case solution

In order to express the spectral condition in a simple form, we take, for instance, the first equation from the set

(81)
N/2—1
K=B= Y X;j(K)(Cit1+ Cn_js1) + xny2(k) - Cnyai1-
j=1
. . i2m . 27
If we consider the set of constants corresponding to Ay = €'~ | i.e. ¢ = N

Cj+1 S e_i%rj, CijJrl C]+1 =€ %J, _] = 1, ,N/2 — ].7

Cnjop1=¢"",
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then this spectral condition simplifies to

N/2—1

©=B=2 X x(0)-cos (?&) = xw/2(h)-

The existence of solution for this transcendental equation is guaranteed by graphical means if

In this case we are also able to write down the relevant solution in a point 7 is such that y =0

el B N/271 _ 4_}—%" B F—ﬁ
. _ e H|T R1| 271_ e K,|7' ]+1| e H| N/2+1|
¢1(7”)=¢1(77)=Co:1- 744-2 Z cos| —7 |- — _ —
_’—R . N _'_R‘ —»_R
r 1 j=1 T 1 T N/241
If we additionally set x = 0, we obviously have ’f’fﬁl‘ = ’f’, R’Q‘ - = ‘F*EN’ —|lr_Bl= m’ ©

we are able to obtain solution along z-axis in even more simple form

B |7 B N/2-1 (N —1). |- A
@A =h@ =02 S (i\jj) :001.(5 (N -1) w/m_l).e,

7 R‘ ot

where we have used the Dirichlet summation formula

M M .
Z G — 1 +QZCOS (jo) = sin ((2M +1) - x/2)
Py ¥ = sin (z/2)
5.2.7 0Odd number of point-centers case solution
In this case (82) yields the following spectral condition
(N-1)/2
k=B= Y x(8)(Cit1+Cnji1)-
j=1
Again we consider the state with A, = ¢'¥ | i.e.
Cj+1 :e_i%ﬂj, CN7j+1 :éj+1 Zei%{j, ]: 1, ,(N—l) /2,
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that results in simplification of the spectral condition
(N=1)/2 9
T
el = 2 . . — )
k— B E X;(K) - cos (N‘])

Jj=1

and the corresponding state itself
- 67”‘T R —/2 e*'{‘f‘*ﬁﬁﬂ
61 () = (%) = Con - o) 2 Z ( ).‘ q

when computed at y = 0.

Note that on the z-axis (i.e. additionally setting x = 0 in the last expression) we have

eIl "R sin (N - 7/N) e~
U1 () = P1(7) = Co - _7}_%, 1+2 Z ( ) = Coy - sin (7/N) ‘ P =0

The sufficient condition for existence of this state is
(N-1)/2
1 2
> -2 — .cos| —7 ).
154 ; AR, coS ( i j)

5.2.8 Infinite number of point-centers

Now we consider a limiting case when number of point-centers is infinitely large. So we define their linear density
po and replace summation over point-center contributions with integral over the ring arc where they lie. In this
case there is no crucial importance of direction of xz-axis so the expressions obtained above, in fact, define radial
dependence in zy-plane

B I —k|F—R|
P1(7) = 1 (7) = 2C01P0/‘3OS ¢67_'R0d¢7
/ 7~ &

where R = (R cos ¢, Rysing, 0)" .
Assume the observation point is deep inside the symmetrical structure, that is r < Ry where r = (7 €, 7'+ €, O)T .
Then e "™ Bl ~ e=#Ro and using generating function technique for Legendre polynomials we can perform

expansion

S Pilcos)
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Therefore

0o s
r

1
V1 (F) = 2Co1 poe "t <) Pi(cos ¢) cos ¢ - do.
1 010 ; o 0/ !

Due to orthogonality of Legendre polynomials, among all terms in summation only the one with [ = 1 remains.

Thus, finally we arrive at

s
1 (F) = Con %67'{&]7“7
0

when z = 0.

5.3 Scattering on N point-centers - continuous spectrum problem

Now we consider the scattering of plane wave incident axially on the N-center potential plane symmetrical structure
under question.

We write the solution to the Schrodinger equation as

) N 6ik|r71§]|
U(F) = Age™* + > Cyjr——, (106)
=1 |T= j’
2uk . . ..
where k = 2 and Ay is an amplitude of the incident plane wave.

As before (and using previously described notation), at each center (scatterer) the solution must satisfy the ZRP

condition (79)

—

dlog (‘fij

1/,(77‘)) 1 kAR _ etkARy
—O<A0+...+Oj_1'm+Cj'lk+Cj+1' +>——/8
7—R;|=0 ’

a‘f—ﬁj

This results in the set of linear equations

B+ik  x1 . X2 X1 C 1

X1 B+ik ... X3 X2 Co 1
=—Ap )

X2 xs .- Btk xa Cn-1 1

X1 X2 .- x1  B+ik Cn 1
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oikAR,
,j=1,..., [N/2] employing the floor function [z]

where we now denote y; = ———
Xi = AR,
This set obviously has the solution corresponding to trivial symmetry of the system

Cl :...:CNECON.
For odd number of scatterers we have
A
Con = — — . (107)
Bik+2 NP2y
(108)

For even number of scatterers:
A

Con = — ; N/02—1 :
B+Zk+22j:1 X5+ XnNy2

(109)

A

These results can be unified in the following manner
B+ ik +2 E;—ZTQN)/%I Xi +9nN—1°Xnj2

Con = —

] is an indicator of parity of number of scatterers.

N/2—[N/2]
N/2—[(N-1)/2
When calculating Coy, it might be useful to recall (80) and rewrite the sum as
(N+gn)/2—1 . . .
exp (2ik Ry sin (w5 /N))

where gy =
(N+gn)/2-1 exp (2ikR sin (¢j4+1/2)) _ 1 Z
9Rq = sin (7 /N)

(N+gn)/2-1 1
Z sin (¢j+1/2)
. }fj, we can present the solution

R;

Sy

j=1

Having obtained that, and taking into account expansion ‘F —
(110)

6ik'r
).

r

(106) as
007 = Ao (e 4 16, )
)" is given by

where the scattering amplitude at long distances in direction 7 = 7/r = (sin 6 cos ¢, sin 0 sin ¢, cos 6
(111)

j=1

j=1

N N
F(0, ¢) = Con/Ag > e ™ = Con /Ay > exp{—ikRosinf cos (¢ — ¢;)} -
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From here differential cross-section can be determined

dO' 2
— =|f(0 112
=150, 9, (112)
as well as the integral scattering cross-section
27 ™
- / / 1£(6, )| sin 6d0do. (113)
o Jo

For a large number of scatterers one can pass to the limit N — oo by introducing linear density of point scatterers

po on a ring. Then the expression (109) can be rewritten as

) po [T exp{2ikRysin(¢//2)} )\
=—-A k+ — d 114
Co o(5+z 7 /) n(0/2) ¢ (114)
and further substituted into the modified expression (111)
2
(0, ¢) = pOC’O/AO/ exp {—ikRgsin 6 cos (¢ — ¢')} d¢'. (115)
0

Afterwards, the expressions (112), (113) can be employed to calculate scattering cross-sections.
Moreover, in case of elastic scattering one might employ the optical theorem stating that the total scattering

cross-section can be expressed as
47

o= “TIm [£(0, ). (116)
Therefore,
47N 47N k+ P
g = Tlm [CON/AO] -k (k—FP)Q—F(ﬁ—FQ)Q’ (117)

where we denote

(N+gn)/2-1 . . .
1 sin (2kRosin (7j/N))  gn-1 .
P=— E : 2k
Ry | & sm(m/N) "oz SRR
0 1 (N+gi)/21 cos (2kRg sin (7 /N)) A (2hRy)
TR | = sin (17 /N) g omlERho
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On the figures below we present total scattering cross sections dependence on energy E = (k) / (2) obtained
for different number of scatterers N as given by (117). However, this can serve only as a demonstration of the
model rather than a source of valuable results.

Within the model, we observe reasonable decay of total scattering cross section as energy grows whilst change

of this dependence with respect to number of scatterers is not uniform (see the second figure).

Scattering Cross Section
600 T

500 f/-)

400

300

Total Cross Section [Angz]

100 |- e

Energy [eV]

Scattering Cross Section
500 T

450

350 [

300

250

200 . S

Total Cross Section [Angz]

150

100

1 2 3 4 5 6 7 8 9 10 11
Energy [eV]

When plotting, the following values of parameters were used: 8 = 0.5[Ang™'] , Ry = 10.0[Ang].

52



6 Cylindrical tube made of point-centers

More realistic structure is the long tube with cross-sections periodically filled with point-centers forming symmetrical
structures.
We focus on bounded state solutions for an infinitely long tube made of plane N-fold symmetrical structures

considered before by means of unidirectional translation.

° ° L ] ®
® o ° ° )
) ) °* v o o p
. . : . . >
Ry

General form of the solution is
+o00 N 67H|T ij|
DA =Y > Conj——= (118)
m=—o0 j=1 ‘T — Lumj

where the first sum (index m) is carried over cross-section planes with centers while the second sum (index j) is

over centers in a plane numerated, as before, from 1 to IV, and positions of centers are
Ry = R +ma, (119)

with @ = a€e, being a shift vector corresponding to distances between the nearest cross-section planes with centers
and ﬁj denoting positions of centers in a plane orthogonal to z-axis.

Coefficients Cy,; are to be determined from ZRP conditions as before

O10g (|7~ Foms| - (7))
) F—R’mj’

-, (120)

[

however because of symmetry this task is simplified.
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Owing to the translational periodicity of the potential, the Bloch theorem states that

D () = i (F) = U(P)e™eT,

where U (7 + na) = U(7) for any integer n.
Therefore,

(7 + nd) = ™" p(7).
On the other hand, from (118) and (119) it follows

—n|7‘ R(m n)]| —n|7‘ RmJ|

= ‘ Z Z Comtm)i T2 T

7 — R(m n)j m=—o0 j=1

(7 + nd) Z ZCmJ

m=—o0 j=1

‘ o

mj

Hence, we conclude that

ik
C(m+n)j =e' nacmjv

and, given an origin plane, we can write
_ ikma . — itkmay,
Cmj =e Coj=ce C;.

Now, the solution (118) reduces to

ek 7— RmJ
Z ezkma Z C | | (121)

m=—0oo

Tt is straightforward to see that combined operations of rotation and translation form an Abelian group.

Indeed, consider group element g;,, = (4;, a,) where

cos¢; sing; 0
Aj = —sing; cos¢; 0
0 0 1
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is rotation operator acting on 7 = (z, y, z)T with ¢; = %ﬂj, j=0,...,N—1and

1 0 0
A = 0 1 0 ;
0 0 Tn

with T}, denoting scalar translation operator acting such that T,,z = 2 + ma, m € Z.

In this form it is easily visible that

COs ¢ cos @ — sin ¢; sin ¢ oS ¢; sin ¢/ + sin ¢; cos ¢ 0
—sin ¢; sin ¢ + cos ¢ cos ¢ 0 = gj'm’ * Gjm,

0 T To

—sin ¢; cos ¢ — cos ¢; sin ¢

0

9jm * 9j'm’ =

since obviously 17, Ty = Ty T
So we can state that translational symmetry does not interfere IN-fold rotational invariance of the problem, and,

hence, consider the coefficients C; to be known from the previously solved problem. Namely, they are

2
" N. (122)

O =00 Cy,  where g, = (n—1),  n=1 ...,

Therefore, we obtain the complete set of bounded states solutions

+o0 N I€|F71?{mj|

n ikma i(j— e
wl(c )(7:‘) = Z etk Ze (I—D)¢n —
m=—o0 j=1 ‘7‘ - ij

The corresponding energy E,(;L) can be found from (120), but before performing substitution of (122) let us first

develop that condition in detail. B B
7t 67K|Rm,jl7ij| e
- _

For the sake of brevity, we will make use of notation ij = — — -
, ~
Rm’j/ - ij ’R]’ - Rj + (m - m) a
write the ZRP condition at the center R, 4
1 +o0 N +o0
k} /s k) Yy k ’
O'/eikmla Z e’ maZCjXZ]J + Z e’ maC]/XZ]J/ — et aCj/li = —B
J m=—oo 7j=1 m=—oo
m#m/

i#i’
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That is equivalent to

Z eikma Z ijmgj + Z elkmac Xm]' (ﬁ — KZ) eikm/acj, =0

m=—oo m=—oo
7¢J mz#m/

By multiplying the both sides of the last equation by e~ikm'a and changing summation index m —m’ — m, we

have
S §5 e ST o S et o
; ethkma +j/ 7I$+ ezma —0.
J=1 m=—00 ‘Rj/ — Rj + md" m=—o0 |m|
i#3’ m#m/
The series in the last term
too —k|mla 100 —(k—ik)ma too  _(k+ik)ma
ikma € e €
= 124
D TP e TP PR 120
m#m/
can be summed up as it follows.
Denoting A+ = e~ ("*)2 we notice that |A+| < 1. This allows us to write
+oo )\ +oo \ too 5 5
— = AN = / AT\ = —log (1 — ).
IR 3 5(1-)
——
-
Therefore, (124) becomes
S ema T 1) (- A = — g [(1— e coska)? + e sin k]
e = ——1lo —A_ — =—=—1lo —e coska e sin® ka| =
s |m| a g + a g
m#“m/

1
= log [2e™"* (cosh ka — cos ka)| = - log [2 (cosh ka — cos ka)] + k.

Plugging this into (123) yields

N n|R =R +ma‘

1
Z c Z gikma © ‘ +Cj <B - log [2 (cosh ka — cos k’a)]) =0.

m=—0o0

]/ R + ma
7#7'

Additionally, without a loss of generality, we can set j/ = 1 and feed into here (122) to find a state energy E,(Cn)
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2

7I{|Rl R, +ma|

Zezj 1n Z ezkma

+ (5 - élog [2 (cosh ka — cos ka)]) =0,

j=2 m=—o00 Ry — R + ma
that can be alternatively rewritten as
N o too ) 7/{\/2Rg(1fcos ¢j;)+m2a? 1
Z eii—Dén Z pikma_© + (ﬂ — = log [2 (cosh ka — cos k’a)]) =0,
j=2 m=—oo \/2R8 (1 — COs ¢]) + m?2a? a
or
N 400 ) 75\/4Rg sin?(¢;/2)+m?2a? 1
Z eU=Don Z gikma € <ﬁ — —log [2 (cosh Ka — cos ka)]) =0.
=2 m=—o0 \/4R0 sin® (¢;/2) + m2a2 a

(125)

(126)

(127)

Solving the transcendental equation with respect to kK = 1/ — (2u/h?) E,(C"), one can find dependence E,g")(k) for

the n-th bounded state.
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7 Conclusions

Within the framework of the present work, after giving an instructive overview of the Darboux transformation and

zero-range potential (and beyond) methods, quantum ring and quantum wire problems were considered.

In the Sections 5 and 6 we obtained the main results of the work. Namely, for arbitrary N-fold discrete symme-
try, there were obtained formulas for bounded states for the case of quantum ring and quantum wire, respectively.
In some particular case, transition (by means of limit passing to the case N — c0) to continuous symmetry was
discussed as well. Energy corresponding to the given states can be calculated numerically by solving the transcen-
dent equations that were obtained. In case of the quantum ring, solution to scattering problem can also be further
simplified depending on the range of interest in terms of the energy of the incident wave: either the stationary
phase method can be used to estimate the resulting integral in high-energy range or simply small-argument direct
series expansion for the case of large wavelengths in comparison with the size of the ring. Eventually computed
scattering cross-section might be used in estimates of electrical conductivity of solids that contain these quantum

rings structures as inclusions or surface additions.

The improvement of obtained solutions can be further done by application of the Moutard transformation
(see, for instance, [9, 21]), that is a two-dimensional counterpart of the Darboux transformation. Alternatively,
a passage to limit of small distances between centers (as rotational symmetry order increases N — oo whereas
distance between the nearest cross-section planes with point-centers decreases a — 0) can be performed and, hence,
one-dimensional model of a cylindrical quantum tube can be obtained. In this case, a dressing of the solution by
means of the Darboux transformation can be done, however the result of the problem itself is interesting to be com-

pared with the one that can be obtained by solving a model with initially chosen cylindrical zero-range potential [20].

Given spectral equations in the form of transcendent equations to be solved numerically, density of states can

also be obtained and further used for estimating such material properties as conductance [2, 19].
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Appendix

Here we list some of the programs for symbolic computation software that were produced in order to obtain results
for the case of N = 5 point-center potential and, hence, to help making further generalization possible.

The given codes are:
e C5 prematlab.mws (pre-processing in MAPLE Classical Worksheet)

e C5 matrix.m (main calculation in MATLAB)

C5 postmatlabl.mw (post-processing first pair of solutions in MAPLE)

C5 postmatlab2.mw (post-processing second pair of solutions in MAPLE)
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C5_prematlab.mws

##### C5_prematlab.mws #####

assume(hl >0, h2>0):

L>
L >
L >
L >
L >
| > with(LinearAlgebra):

[> B0:=<<0, h1, h2, h2, hl>|<hl, @, hl, h2, h2>|<h2, h1l, 0, hl,
h2>|<h2, h2, hl, 0, hl>|<hl, h2, h2, hl, 0>>;

0 hl~ h2~ h2~ hi~
hi~ 0  hl~ h2~ h2~
BO=| h2~ hl~ 0 hi~ h2~ )
h2~ h2~ hi~ 0 hi~
hl~ h2~ h2~ hi~ 0

;> (Evalues, EVecs):=Eigenvectors(B0):

> Evalues; 7
1 1 1 1
sl — — 2~ — — 5 hi~+ — 35 h2~
5 hli 5 h 5 J5 hi~+ 5 J5h
. h/~—i112~—i\/?h/~+i\/?hz~
2 2 2 2
R O o1 5 ¥))
2111 2h2+2\/?h1 2\/?/;2
1 1 1 1
P ~— — hDe — —~— — D
5 b 2h_+2\/?h] zﬁh_
2 hi~+2 h2~
B EVecs:=simplify(EVecs);
EVecs = [(2 (h135 —4ni~*h2~ 5 +4hi~h2>J5 —h2> 5 +3h1-° A3)

8 h2-n12 4 122 [ (e h2e 5 bl =5 h2=) (<2012 43 hi- 3 2~
—hi~h2~+ 722 =5 h22)), -4 (-2 h1°> =5 h2~ 1 + 1t S b2~
+ 21 22 h12 + W12 S h22 4+ 22 h22 h12 — 12 hi2 k2 5 — 19 hi~h2-*

T hi~ 25 43025 — 2S5 T (bl 4 h2~ + 5 i — 5 h2~) (~h12
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+ 1125 30~ W2~ —hi~h2~~+2 h2~2) (=2 hi~? + 3 hi~5 h2~—hi~h2~
+h22 =5 122)), (2 (W15 —4h1-2h2~J5 +4 hi~h2-> 5

Ch23YF 3B 8 h2~h12— h23)) [ (ki — k2~ 43 hi-

— 5 h2~) (2h12 +3hi~\5 h2~+hi~h2~—5 h2* —h2-)), - (4 (212
+ 115 h2~+ 5 ho~ k1 =21 h2P hl P S k2t =22 h22 b
2R T 19 R 2 T R =302 — w235 ) ((-hi-
—h2~ 45 hi~—5 h2~) (W12 4+ h1*5 43 hi~\5 h2~+ hi~h2~
—2h22) (2hI2 43 Wi~ 5 h2~+ hi~h2~— 5 h2~* —h2-*)), 1],

WIS — b~ 5 h2~ 4 1= =T hi~h2~+ 2 h2-

; : > (4 (=n1*—aho-ni
“2h1- 43 h1~5 h2~—hl~h2~+h2-> =5 h2~

+ 012 TS W2~ + 4 W12 TS 22 42 h2-2 hi2 — hi~h2> 5 + 4 2> i~ — h2-))
J(C-n12 4 12 TS 43RS b2 — b= h2~+2122) (-2 h1-2 + 3 hi~5 h2-

—hil~h2~+ hZ~Z - \/? h2~2) )

WS —hi~ 5 h2~ —hi~* + 7 hi~ h2~ — 2 h2-*
M4 3T B2t bl b2 =5 B2 E—h2 2
T RIS h2~ + 4 h1-25 h22 =2 h2-2 h1-? — hi~h2- 5 — 4 h2-2 hi~ + h2-*))
[ (12 4 h12 5 4+ 3 b~ h2~ + hieh2~—2 h2-2) (2012 +3 hi~ {5 h2~
+hl~h2~—5 h2~* —h2-?)), 1),

[_1 2RI+ hI~5 h2~+ T hl~h2~+5 h2<" + h2-
C A hIATS 43hi~S b2~ — hi~h2~+ 2 h22

2 I~ 4 hi~ 5 h2~ =T hil~h2~— h2~> + 5 h2-?

R RS A3 RS et hl-h2-—2 522

(4 (n1-* +4 h2~ni

-1,

l 2

[0, 1,0, 1, 1},

[1,0, 1,0, 1”
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> simplify(EVecs(1l..-1,2));
[[-(4 (2812 =5 h2~h1- +h1 5 h2~+21 h22 W12 + 0125 h2?

+ 2222 12— 12 W12 23S — 19 ki~ h2-t + T hl~ k2 5 43 h20

ST ((hie 4 b2 5 hie =5 h2-) (-hi2 + h12J5

“@

43 hI~S h2~— hi~h2~+2 h2-2) (-2 h1-2 4+ 3 hi~5 h2~— hi~h2~+ h2-*

—J35 h22)) |,

[(4 (~hI~*—a h2~h1> + W12 TS ho~ 44 h1~2 5 h2~2 +2 h2-? hi~?

23T a2 b — 2 [ ((h12 + h12 TS 43 hie5 A2~
—hl~h2~4+2h2~2) (=2 W12 + 3 hi~5 h2~—hi~h2~+h2~* =5 h2-?)) ],

2RI+ hI~\5 h2~+ T hl~h2~+5 h2< +h2
WIE+hIASS A3 IS b2~ — ki~ h2~+2 22 |
1},

|

h2>|<h2, h2, hl, a, hl>|<hl, h2, h2, hl, a>>;
a hl~ h2~ h2~ hil~
hi~ a hil~ h2~ h2~
Bl:=| h2~ hl~ a hl~ h2~
h2~ h2~ hil~ a hl~
hi~ h2~ h2~ hl~ a

=> B2:=eval(Bl, a=-Evalues(1l));

1

B2 = H% hi~~+ — h2~+ % V5 hi~— % 5 h2~ hi~ h2~ h2~ hi~|,

2

hil~, L hil~+ L

h2~, hl~, Lo L L J5 hi-— L J5 h2~ hi~ h2~
2 2 2 2
o 2 hlms it e L T e — L S e hie
2 2 2 2
| |

hi~ h2~ b2~ hi~ — hl~+ — h2~+ % V5 hi~— % NEW =

1 1
5 5 ho~+ 5 J5 hi~ 5 5 h2~ hl~, h2~ h2~

(> Bli=<<a, hl, h2, h2, hl>|<hl, a, hl, h2, h2>|<h2, hl,

(> sols:=LinearSolve(B2, <0, 0, 0, 0, 0>, free='C');

a, hl,

®

(6
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B2

w2 ([ L his

C,
. 1 5 .
_C'S_?Cl 5—?(1

sols ==

(V5 +1) (G +¢))

1

2

Le_—c-Le s

-5 = C =5 G
CS

_>»BZ:=eva1(Bl, a=-Evalues(3));
ho~ — % J5 hi~+ % IS h2~ hi~ h2~ h2~ hi~|,

1
2

hi~, % hil~+ % ho~ — % J5 hi~+ % IS5 h2~ hl~ h2~ h2~

1

h2~ i~ % hi~+ = h2~— % V5 hi~+ % 3 h2~ hi~ h2~

h2~, h2~, hl~, % hi~+ % ho~— % 5 hi~+ % 3 h2~ hi~

hi~, h2~, h2~, hi~, % hi~+ % ho~ — % J5 hi~+ % JS h2~

=>»sols:=LinearSolve(B2, <0, 0, 0, 0, 0>, free='C');

¢
1 1 J3
—C5 — ? CI + ? Cl 5
sols == —% (-14+V5) (G +¢))
1. , .,
—7 C5—Cl + ? (5\/?
CS
_>»B2:=eva1(Bl, a=-Evalues(5));
-2 hl~—2h2~ hil~ h2~ h2~
hi~ -2 hl~—2h2~ hil~ h2~
= h2~ hil~ -2 hl~—2h2~ hil~
h2~ h2~ hil~ -2 hl~—2h2~
hl~ h2~ h2~ hl~

=>-sols:=LinearSolve(BZ, <0, 0, 0, 0, 0>, free='C');

hil~
h2~
h2~
hi~
-2 hl~—2h2~

)

®

®

109
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sols = | Cs a1
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C5_ matrix.m

5/10/10 10:44 AM /home/dmitry/C5_matrix.m 1 of 2

clear;

syms m lmb a hl h2 Cl1 C2 C3 C4 C5;

B=[a hl h2 h2 hl; hl a hl h2 h2; h2 hl a hl h2; h2 h2 hl a hl; hl h2 h2 hl a];
BO=subs (B, a, 0);

BO_vals=eig(BO);
-B0_vals

[BO_vec,B0_vall=eig (BO);
BO_vec=simplify (BO_vec)

gen_eqg='Cl* (-1lmb+exp (-1*2*pi/5*m) ) +C2* (-1lmb*exp (-i*2*pi/5*m) +exp (-i*4*pi/5*m) ) +C3* (-lmb*exp (-1i*4*pi/5*m) +exp (-¥
1i*6*pi/5*m) ) +C4* (-lmb*exp (—i*6*pi/5*m) +exp (-1*8*pi/5*m) ) +C5* (-lmb*exp (-i*8*pi/5*m) +1)

% First H-eigenvalue pair

C2_gen='-(sqrt (5)+1)/2*C1-C5";
C3_gen=' (sgrt (5)+1)/2* (C1+C5)";
C4_gen='-Cl-(sqrt (5)+1)/2*C5";

egl=subs (gen_eq, {’C2’, ’C3’, ’'C4’}, {C2_gen, C3_gen, C4_gen})

gen_matr=[subs (eql, {’C1’, ’C5’, 'm"}, {1, 0, -2}) subs(eql, {’Cl’, ’C5", 'm"}, {0, 1, -2});
subs (eql, {’C1’, ’C5’", 'm"}, {1, 0, 2}) subs(eql, {’C1’, ’C5’, 'm"}, {0, 1, 2})]

det_matr=simplify (det (gen_matr))
Imbsl=simplify (solve (det_matr, ’1lmb’))

eval (abs (lmbsl(1)))

eval (real (1mbsl(1)))

eval (atan (imag (lmbsl (1)) /real (lmbsl(1l)))/(2*pi/5))
eval (abs (1mbsl(2)))

eval (real (1lmbsl (2)))

eval (atan (imag (lmbsl (2)) /real (lmbsl (2)))/ (2*pi/5))

C5_soll=simplify (solve (subs(eql, {’Cl1’, ’“Imb’, 'm”}, {1, lmbsl(l), 2}), "C5"))
eval (abs (C5_soll))

eval (real (C5_soll))

eval (imag (C5_soll))

% eval (atan(imag(C5_soll) /real (C5_soll))/(2*pi/5))

C2_soll=subs(C2_gen, {’Cl’, ’C5"}, {1, C5_soll})
eval (abs (C2_soll))

eval (real (C2_soll)

% eval (atan(imag(C2_soll) /real (C2_soll))/ (2*pi/5))
C3_soll=subs(C3_gen, {’Cl’, ’C5"}, {1, C5_soll})
eval (abs (C3_soll))

% eval (atan(imag(C3_soll) /real (C3_soll))/ (2*pi/5))
eval (real (C3_soll))

C4_soll=subs (C4_gen, {’C1l’, ’C5"}, {1, C5_soll})
eval (abs (C4_soll))

% eval (atan(imag(C4_soll) /real (C4_soll))/ (2*pi/5))
eval (real (C4_soll))

C5_sol2=simplify (solve (subs(eql, {’Cl1’, ’“1Imb’, 'm’}, {1, lmbsl(2), -2}), ’"C5"))
eval (abs (C5_so0l12))

eval (real (C5_so0l12))

eval (imag (C5_sol2))

% eval (atan(imag(C5_sol2) /real (C5_sol2))/ (2*pi/5))

C2_sol2=subs (C2_gen, {’Cl’, ’C5"}, {1, C5_sol2})
eval (abs (C2_so0l2))

eval (real (C2_sol2))

% eval (atan(imag(C2_sol2) /real (C2_sol2))/ (2*pi/5))
C3_sol2=subs(C3_gen, {’Cl’, ’C5"}, {1, C5_sol2})
eval (abs (C3_so0l2))

% eval (atan(imag(C3_sol2) /real (C3_sol2))/ (2*pi/5))
eval (real (C3_sol2))

C4_sol2=subs (C4_gen, {’Cl’, ’C5"}, {1, C5_sol2})
eval (abs (C4_so0l2))

% eval (atan(imag(C4_sol2) /real (C4_sol2))/ (2*pi/5))
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5/10/10 10:44 AM /home/dmitry/C5_matrix.m 2 of 2

eval (real (C4_sol2))

% Second H-eigenvalue pair

C2_gen=' (sqrt (5)-1)/2*C1-C5";
C3_gen='-(sqrt (5)-1)/2* (C1+C5)";
C4_gen='-Cl+ (sqrt (5)-1)/2*C5";

eqg2=subs (gen_eq, {’C2’, ’'C3’, ’'C4’}, {C2_gen, C3_gen, C4_gen})

gen_matr=[subs(eq2, {’Cl’, ’'C5", 'm"}, {1, 0, -1}) subs(eq2, {’Cl", 'C5", 'm"}, {0, 1, -1});
subs (eq2, {’C1’, 'C5", 'm"}, {1, 0, 1}) subs(eq2, {’C1’, 'C5", 'm"}, {0, 1, 1})]

det_matr=simplify (det (gen_matr)
Imbs2=simplify (solve (det_matr, ’1lmb’))

eval (abs (1lmbs2 (1)))

eval (real (1Imbs2(1)))

eval (atan (imag (lmbs2 (1)) /real (lmbs2(1)))/ (2*pi/5))
eval (abs (lmbs2(2)))

eval (real (1Imbs2(2)))

eval (atan (imag (lmbs2 (2)) /real (lmbs2(2)))/(2*pi/5))

C5_soll=simplify (solve (subs(eqg2, {’Cl1’, ’“lmb’, 'm”}, {1, lmbs2(1l), 1}), "C5"))
eval (abs (C5_soll)

eval (real (C5_soll)

eval (imag (C5_soll)

% eval (atan(imag(C5_soll) /real (C5_soll))/(2*pi/5))

C2_soll=subs(C2_gen, {’Cl’, ’C5"}, {1, C5_soll})
eval (abs (C2_soll))

eval (real (C2_soll))

% eval (atan(imag(C2_soll) /real (C2_soll))/ (2*pi/5))
C3_soll=subs(C3_gen, {’Cl’, ’C5"}, {1, C5_soll})
eval (abs (C3_soll)

% eval (atan(imag(C3_soll) /real (C3_soll))/ (2*pi/5))
eval (real (C3_soll))

C4_soll=subs (C4_gen, {’Cl’, ’C5"}, {1, C5_soll})
eval (abs (C4_soll))

% eval (atan(imag(C4_soll) /real (C4_soll))/ (2*pi/5))
eval (real (C4_soll))

C5_sol2=simplify (solve (subs(eg2, {’Cl’, ’lmb’,
eval (abs (C5_so0l12))

eval (real (C5_sol2))

eval (imag (C5_so0l2))

% eval (atan (imag(C5_so0l2) /real (C5_sol2))/(2*pi/5))

‘m"}, {1, lmbs2(2), -1}), 'C5"))

C2_sol2=subs (C2_gen, {’Cl’, ’C5"}, {1, C5_sol2})
eval (abs (C2_so0l2))

eval (real (C2_sol2))

% eval (atan(imag(C2_sol2) /real (C2_sol2))/ (2*pi/5))
C3_sol2=subs (C3_gen, {’Cl’, ’C5"}, {1, C5_sol2})
eval (abs (C3_so0l2))

% eval (atan(imag(C3_sol2) /real (C3_sol2))/ (2*pi/5))
eval (real (C3_sol2))

C4_sol2=subs (C4_gen, {’Cl’, 'C5"}, {1, C5_sol2})
eval (abs (C4_so0l2))

% eval (atan(imag(C4_sol2) /real (C4_sol2))/ (2*pi/5))
eval (real (C4_sol2))
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##### C5_postmatlabl.mw #####

with(MTM) :

G5 = (16%31257(1/2) - 9300*%57(1/2) + 1050* (- 2*57(1/2) - 10)"(1/2)
4+ 2100% (2*5~(1/2) - 10)7M(1/2) + 1250* (- 10*57°(1/2) - 50)~(1/2) - 50
FLLO*5A(1/2) = 50)7°(1/2) = 25* (150 - 50*57°(1/2))"(1/2) - 525* (50* 57~ (1
[2) + 150)A(1/2) +30* (- 50*%5°(1/2) - 250)7(1/2) + 310* (50*57(1/2)
= 250)"M(1/2) +20* (750 - 250*%57°(1/2))~(1/2) - 100* (250*5~(1/2) + 750)
AL/2) +50% (= 200*57(1/2) - 1000)~N(1/2) + 170* (- 250*57(1/2) - 1250)
AN1/2) +20% (250*%57(1/2) - 1250)~M(1/2) + 5% (3750 - 1250*5~(1/2))"(1/2)
+ 5*F(1250*5~(1/2) +3750)7(1/2) +20* (- 1000*57°(1/2) - 5000)~(1/2) -5
*(1000*57(1/2) = 5000)~(1/2) = 5*(5000*57(1/2) - 25000)~(1/2) - 15500)
F(5000*%57(1/2) - 10* (150 - 50*5°(1/2))"(1/2) +410* (50*5~(1/2) + 150)
A1/2) = 20% (750 - 250 %5~ (1/2))M(1/2) + 180 * (250*57(1/2) + 750)7(1/2)
- 2% (3750 - 1250 *5A(1/2))~N{(1/2) + 2% (1250*57(1/2) + 3750)7(1/2)
+ 33800) :

L >
L >
L >
L >
L >

>

>
> C5,m/1 = Sf’”ﬂh/ﬁ’( C5s()l] )’
C5.\'0// = (1)

L %(-120\/?+171\/2J?+10 +3414 -2J5 +10

80 545

+231J5V2J5 +10 —200)
> Re(C5s0”);

1 -120/5 =200

2
i 80 5475
> Im(C5m”);
1 17J2Y5 410 434 25 410 +23V5 /25 410 ®
i 80 54735
> eva,lf'(abs(CJ'M]) );
i 0.9999999999 @
Im(C5.
atan(evalf’[ (7A0”) ] ]
> evalf Re(cjmu)
2-Pi :
B
-0.4999999999 ®)

> €2, == 5M1/2)/2 = (16%31257(1/2) - 9300%5~(1/2) + 1050* (- 2*5~(1/2)
S 10)A(1/2) + 2100% (2%5°(1/2) - 10)7(1/2) + 1250* (- 10*57(1/2) - 50)~(1
/2) = 50% (10%57(1/2) = 50)A(1/2) = 25% (150 = 50*57°(1/2))~(1/2) - 525 * (50
£SA(1/2) + 150)7(1/2) +30%* (- 50%57(1/2) - 250)7(1/2) + 310* (50* 57 (1
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/2) = 250)A(1/2) 4+ 20% (750 - 250%5A(1/2))~(1/2) - 100* (250 % 5~(1/2)
+750)7(1/2) 4 50% (- 200%5°(1/2) - 1000)~(1/2) + 170* (- 250*5~(1/2)

- 1250)M(1/2) 4+ 20% (250% 57 (1/2) - 1250)7(1/2) + 5* (3750 - 1250*57(1/2))
AL/2) + 5% (1250%5A(1/2) + 3750)~(1/2) + 20* (- 1000 *5~(1/2) - 5000)~(1
/2) - 5% (100057 (1/2) - 5000)~(1/2) - 5% (5000%5~(1/2) - 25000)~(1/2)

= 15500) / (5000% 57 (1/2) - 10* (150 = S0%5A(1/2))7(1/2) + 410* (50 % 57 (1
/2) + 150)A(1/2) - 20% (750 - 250 % 5°(1/2))~(1/2) + 180* (250 % 5°(1/2)
+750)A(1/2) - 2% (3750 - 1250 %57 (1/2))~(1/2) + 2% (1250*5°(1/2) + 3750)
A(1/2) + 33800) - 1/2:

_> CZ,W)H = Sfl'”l]/lﬁ’( CZS(:/] )’
CZ.\W/] = (6)

L ;\/_(200+120\/?+171\/2\/7+10 +3414 -2/5 +10

80 543

+231ﬁ\/2J?+10)

> Rc(CZSOH);

1200+ 1205

- )
i 80 545
> Im(C2,,);
11725 410 434 2205 410 4235 V25 +10 ®
i 80 5445
> eva[f'(abs(CZMI) );
i 0.9999999999 )
Im(C2.
atan(evalf[ #;o//) ] ]
> evalf 2-Pi( sot) ;
5
0.4999999999 (10)

> 3., = (5M1/2)/2 4+ 1/2) % ((16%31257(1/2) - 9300* 57 (1/2) + 1050* (- 2*57(1
/2) = 10)7M(1/2) +2100* (2*57(1/2) - 10)"(1/2) +1250* (- 10*57°(1/2)
= 50)M(1/2) = S0* (10%F57(1/2) = 50)~M(1/2) = 25% (150 - 50*5°(1/2))"(1/2)
< 525% (50%5A(1/2) 4 150)7(1/2) + 30* (- 50*5~(1/2) - 250)7(1/2) + 310
F(SO*5M(1/2) = 250)7(1/2) +20% (750 - 250*5A(1/2))~(1/2) - 100* (250*5
ACLI2Y 4 T50)A(1/2) + 50% (= 200%57(1/2) - 1000)A(1/2) + 170% (- 250*5
AL/2) = 1250)~(1/2) + 20% (250 % 57(1/2) - 1250)~(1/2) + 5* (3750 - 1250* 5
AL/2))N(172) 4+ 5% (1250% 57 (1/2) + 3750)7(1/2) +20* (- 1000* 57 (1/2)
- 5000)A(1/2) = 5% (1000%57(1/2) - 5000)~(1/2) - 5% (5000*5~(1/2) - 25000)
AM1/2) - 15500) /(5000*%57(1/2) - 10* (150 - 50*57(1/2))~(1/2) + 410* (50
KSA(L/2) + 150)~(1/2) = 20% (750 - 250 * 57 (1/2))~(1/2) + 180 * (250* 57 (1
/2) +750)M(1/2) - 2% (3750 - 1250* 5~(1/2))™M(1/2) + 2% (1250*57(1/2)
+3750)~(1/2) +33800) + 1) :

> Cg,m/] = Sflllpllﬁ’( CSS()H);
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€3, = —— L (T ) (a0ym +171/27F v 10 +341/ 205 10 an

160 5+J5

+231J5V2J5 +10 +200))

=> Re( C‘gm/] ) ;

(— J_+—) (-40 5 +200)

160 160

12)
i 5445
> Im(Cj’w[,)'
( J_+—j(17/2ﬁ+1o+34\/-2ﬁ+10+23\/?\/2ﬁ+10)
160 160 (13)
i 545
> eva/f(abs( C3m”) );
i 1.000000000 14)
Im(C3,;,)
atan| evalf| ——————
. [ ( Re(c‘gsol])
> evalf 2P ;
5
0.9999999992 as)

> (4 == ((5M(1/2) /2 +1/2)* (16*31257(1/2) - 9300*57(1/2) + 1050 * (- 2*5
AM172) = 10)M(1/2) +2100* (2*%57(1/2) - 10)~(1/2) +1250* (- 10*57(1/2)
=S50 (1/2) = 50* (10%5°(1/2) = 50)~M(1/2) = 25* (150 - 50*5~(1/2))~(1/2)
- 525%(50*%5M°(1/2) +150)7(1/2) +30* (- 50*5~(1/2) - 250)~(1/2) + 310
¥(50*57M(1/2) - 250)7(1/2) +20% (750 - 250* 5~ (1/2))» (1/2)—100*(250*5
AL/2) +T750)M(1/2) +50* (- 200%57(1/2) - 1000)~(1/2) + 170* (- 250%*5
AN1/2) - 1250)7N(1/2) +20% (250 *57(1/2) - 1250)~M(1/2) + 5% (3750 - 1250*5
AT/2))N1/2) + 5% (1250%57(1/2) + 3750)7(1/2) +20* (- 1000*57(1/2)
- 5000)M(1/2) = 5*(1000*57(1/2) - 5000)~(1/2) = 5% (5000*5~(1/2) - 25000)
AM1/72) - 15500)) /(5000*57~(1/2) - 10* (150 - 50*5°(1/2))~(1/2) + 410* (50
FSAL/2) +150)7(1/2) = 20% (750 - 250 *5~(1/2)) N (1/2) + 180 * (250 * 5~ (1
[2) +T750)M(1/2) = 2% (3750 - 1250 *57~(1/2))M(1/2) +2* (1250*57(1/2)
+ 3750)~(1/2) + 33800) - 1:

> 4, = sinzpli}j)(@lmn)‘

C4,, = 1 J_(zow_\/ws +10 +171Y5  -2/5 +10 (16)
+

+6614 25 +10 —xw?+171/-2\/?+10)

> RC( (‘45011 ) >

L (17)
5445

> Im(('4m,1);
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Ll oy 2 s 410 4170 245 +10 V5 466245 + 10
80 5435

+17/—2\/?+10)

=> eva/f( abS( C4.w/]) )’

L 0.9999999999
. Im(C4sall)

‘ atan(evalf(iRe(C{m”)

> evalf 2 ;
5

L -0.9999999992
L>
> OS5 =-(9300%57(1/2) - 16%31257(1/2) + 1050* (- 2*57(1/2) - 10)"(1/2)

+2100% (2% 5°(1/2) - 10)~(1/2) + 1250% (- 10%57(1/2) - 50)~(1/2) - 50
#(10*5°(1/2) - 50)M(1/2) 4 25% (150 - 50*5(1/2))A(1/2) + 525* (50* 5~ (1
/2) + 150)A(1/2) +30% (- S0*57(1/2) - 250)~(1/2) + 310* (50*5~(1/2)

- 250)7(1/2) - 20% (750 - 25057 (1/2))7(1/2) + 100* (250*57(1/2) + 750)
ACLI2) + 50% (= 200%5A(1/2) = 1000)~(1/2) 4+ 170% (= 250* 5~ (1/2) - 1250)
A1/2) +20% (250%57(1/2) - 1250)A(1/2) - 5% (3750 - 1250% 5~ (1/2))~(1/2)
- 5% (1250%5°(1/2) + 3750)7(1/2) +20%* (- 1000*5°(1/2) - 5000)~(1/2) - 5
£ (1000% 57 (1/2) - 5000)~(1/2) = §* (5000%5~(1/2) - 25000)~(1/2) + 15500)
/(5000%57(1/2) - 10% (150 - 50%57(1/2))7(1/2) + 410* (50*5°(1/2) + 150)
AL/2) = 20% (750 - 250% 57 (1/2))A(1/2) 4+ 180% (250 %57 (1/2) 4+ 750)~(1/2)
- 2% (3750 - 1250%5°(1/2))7(1/2) + 2% (1250 *57°(1/2) + 3750)7(1/2)

+ 33800) :

> 5, = Simpl{fjf( C5m[_7);
5

sol2

L #(200+120£+171J2J?+10 +341y -25 +10

80 543

+231J?J2J?+10)

> Re( C55012 ) >

1 200 +12045
80 543
> Im(('5m12);
1 17d2 5 10 434 205 10 42305 V205 410
80 5445

> evalf(abs( C5m[2) ) ;

0.9999999999

a18)

19

20

21

22

(23)

249
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Im(C5_
atan(evalf[ m(iw,_) ] ]

Re( (‘55012 ) i
2-Pi ’
5

> evalf

0.4999999999 25)
> 02, = (9300%57(1/2) = 16*31257(1/2) + 1050* (- 2#57(1/2) - 10)~(1/2)

+2100% (2% 5°(1/2) - 10)~(1/2) + 1250% (- 10%57(1/2) - 50)~(1/2) - 50
F(10*5°(1/2) - 50)M(1/2) 4 25% (150 - 50*57(1/2))A(1/2) + 525* (50* 5~ (1
/2) + 150)A(1/2) +30% (- S0*57(1/2) - 250)~(1/2) + 310* (50*5~(1/2)

- 250)7(1/2) - 20% (750 - 25057 (1/2))7(1/2) 4+ 100* (250*57(1/2) + 750)
ACLI2) + 50% (= 200%5A(1/2) = 1000)~(1/2) 4+ 170% (= 250* 5~ (1/2) - 1250)
A1/2) +20% (250%57(1/2) - 1250)A(1/2) - 5% (3750 - 1250* 5~ (1/2))~(1/2)
- 5% (1250%57(1/2) + 3750)7(1/2) +20%* (- 1000*5°(1/2) - 5000)~(1/2) - 5
£ (1000% 57 (1/2) - 5000)~(1/2) = §* (5000%5~(1/2) - 25000)~(1/2) + 15500)
/(5000%57(1/2) - 10% (150 - 50*57(1/2))7(1/2) + 410* (50*5°(1/2) + 150)
AL/2) = 20% (750 - 250% 57 (1/2))AM(1/2) 4+ 180% (250 %57 (1/2) 4+ 750)~(1/2)
- 2% (3750 - 1250%5°(1/2))7(1/2) + 2% (1250 *5°(1/2) + 3750)7(1/2)
+33800) - 5°(1/2)/2-1/2:

> €2, = simplify(C2,,,);

(“2‘\'0/_7 = (26)
L b (o s +171d205 110 +341/ 2435 + 10
80 5435

+231J5 V25 +10 —zoo)

> Re((2,,,);

1 -120/5 —200

27
i 80 5445
> 1111(('2“12);
117Y 25 410 +34 25 410 4235 V25 410 5
i 80 5445
> evalf(abs(CZmlz) )
L 0.9999999999 29
Im(CZle)
atan| evalf| ————
( j[ Re(CZs012) ]]
> evalf 2P
5
-0.4999999999 (30)

> (3., =-(5M1/2)/2 +1/2)* ((9300*57(1/2) - 16*31257(1/2) + 1050* (- 2*5
AL/2) = 10)M(1/2) +2100% (2% 57(1/2) - 10)M(1/2) + 1250% (- 10*57M(1/2)
- 50)M(1/2) - 50*% (10*57(1/2) - 50)7(1/2) +25* (150 - 50*57(1/2))"(1/2)
+ 525% (50*5M(1/2) + 150)~(1/2) +30* (- S0*57(1/2) - 250)~(1/2) + 310
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£ (50%5°(1/2) - 250)7(1/2) = 20% (750 - 250*5~(1/2))*
AL/2) +T750)A(1/2) + 50% (- 200%5~(1/2) - 1000)
AL/2) = 1250)7(1/2) 4+ 20% (250 %57 (1/2) - 1250)
ALI2))M(1/2) = 5% (1250 %57 (1/2) + 3750)7(1/2) + 20* (- 1000*5°(1/2)

- 5000)7(1/2) = 5% (1000%57(1/2) - 5000)~(1/2) - 5% (5000*5°(1/2) - 25000)
ACL/2) + 1550017 (5000 %57(1/2) - 10* (150 = 50*5°(1/2))7
£5A(1/2) + 150)7(1/2) - 20* (750 - 250%5°(1/2))

/2) +750)7(1/2) - 2% (3750 - 1250*5~(1/2))"
+3750)7(1/2) + 33800) - 1) :

[~ C3., = simp/i}fjf( C30)s

C3 = L ((J_+1)(40J_+171\/2J5 +10 +341¢ -25 +10
sol2

160 5+¢—

+231J5 V25 +10 —200))

=> Re((l?mlz);

V5

( 160 160

(1/2) + 100* (250*5
AL/2) +170% (-
A(1/2) = 5% (3750 - 1250*5

(1/2) 4+ 410* (50
AL/2) + 180% (250 %57 (1
(1/2) + 2% (1250*%5~(1/2)

) (40 V5 —200)

545

=> Im(ij/_,);

(— ! ﬁ—llﬁ) (17\/2ﬁ+10 +34y -25 +10 +23J?/2ﬁ+10)

160

545
> evalf(abs( 3&(712)) 0000000
1.000000000

Im(C3_,,
atan(evalf’[ Lw[') ] ]

Re((S, /2)
cvalf S0 .
> evalf B ;
5
L -0.9999999992
> C4\0/2

12) +750)7(1/2) - 2% (3750 - 1250 *5~(1/2) )"
+3750)~(1/2) + 33800) -

((sm/?) 24 1/2)%(9300%57(1/2) - 16*3125°(1/2) + 1050 % (- 2% 57 (1
/2) = 10)7(1/2) +2100% (2% 5A(1/2) = 10)7(1/2) + 1250% (- 10*5~(1/2)

- so)m/z) S 50% (10*5°(1/2) - 50)M(1/2) +25% (150 - 50*5A(1/2))~
4+ 525% (50% 57 (1/2) + 150)7(1/2) + 30% (- 50%5~(1/2) - 250)"
£ (50%5°(1/2) - 250)7(1/2) - 20% (750 - 250*5°(1/2))"
A(1/2) + 750)A(1/2) + 50% (- 200%5~(1/2) - 1000)
A1/2) - 1250)7(1/2) +20% (250*57(1/2) - 1250)
AL/2))M(1/2) = 5% (1250%5A(1/2) + 3750)7(1/2) + 20% (- 1000*5°(1/2)

= 5000)7(1/2) = 5* (1000%57(1/2) - 5000)~(1/2) - 5* (5000*57(1/2) - 25000)
A(1/2) + 15500)) / (5000%57(1/2) - 10* (150 - 50%57(1/2))7
£SA(1/2) + 150)A(1/2) - 20* (750 - 250 % 5°(1/2))

(1/2) + 100* (250*5
AL/2) + 170% (- 250 %5
AL/2) - 5% (3750 - 1250%5

(1/2) 4+ 410* (50
ACL/2) + 180* (250 % 5/(1
(1/2) 4+ 2% (1250*5°(1/2)

€28

(32)

(33

34

33
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> 4, = Simpl{fjr( C4w[_7);

Cc4 L;\/_(Z()I\/T\/Z\/?—HO+17I\/?\/—2\/?+10

sol2 "
80 545

+661y 25 +10 +80J?+171/-2\/?+10)

B Re(C4,,,):

.

545

=> Im( C4m/_7 ) ;

80 5435
+17/—2\/?+10)

> eva/f( abS( C4so/2) ) ;
0.9999999999

Im(C4.
atan| evalf’ (7“][2)
/ Re( C 45012) i
> evalf i ;
5
L 0.9999999992
>

L%(20J?\/2\/?+10 +17¢ 243 +10 Y35 +66y2y35 +10

(36)

37

(3%

39

“0)

73




C5_postmatlab2.mw

###4## C5_postmatlab2.mw #####

with(MTM) :

C5 1 7=-1(8900*57(1/2) +2100%* (- 2*57(1/2) - 10)"(1/2) - 1050* (2*57(1/2)
- 10)AN(1/2) +50*% (- 10*57°(1/2) - 50)~(1/2) + 1250* (10*57°(1/2) - 50)~ (1
/2) 4+ 525% (150 - SO0*¥5A(1/2))7M(1/2) +25% (50*57°(1/2) +150)~(1/2) + 310
* (= 50*5MN(1/2) - 25007 (1/2) = 30* (50*5~(1/2) - 250)~(1/2) - 100* (750
= 250*%5M(1/2) )M (1/2) +20% (250*5M(1/2) +T750)7(1/2) - 50* (200* 57 (1/2)
- 1000)~(1/2) =20% (= 250*57°(1/2) - 1250)7(1/2) + 170* (250*5~(1/2)

- 1250)7~(1/2) = 5* (3750 - 1250 * 5~ (1/2))~N(1/2) - 5% (1250*5~(1/2) + 3750)
AM1/2) + 5% (- 1000*57(1/2) - 5000)~(1/2) +20* (1000*57(1/2) - 5000)"(1
/2) = 5% (=5000*57(1/2) = 25000)~(1/2) - 15500) /(5000*5~°(1/2) 4+ 410

¥ (150 - 50*57°(1/2))MN(1/2) - 10* (50*57(1/2) + 150)~(1/2) - 180* (750

=250 % 5A(1/2))M(1/2) +20* (250* 57 (1/2) +750)~(1/2) + 2* (3750 - 1250*5
AL/2)YN(L72) = 2% (1250*57(1/2) + 375007~ (1/2) - 33800) :

L >
L >
L >
L >
L >

>

>

> 5., = Simplz\'}‘jr( C5w[,);
(15‘\'11// = (1)

- L ;(-171\/ 205 410 42315 V -2V5 +10 41205
80 /5 —5

+341 25 +10 —200)

> RC( (‘55011 ) >

11205 —200

— 0]
i N
> Im(('5m,1);
1 17y =25 +10 4235V -25 410 43425 +10 3
i 80 J5 -5
> evalf(abs( C5w[,) );
L 0.9999999994 “@)
Im ( CS5i )
. dtdn(evalf(il{e(cjm”) ]]
> evalf i
5
L 1.000000000 )
> C2,,=5M1/2)/2 + (8900 *57(1/2) + 2100%* (- 2*57(1/2) - 10)~(1/2) - 1050

£ (2*5A(1/2) = 10)7(1/2) + 50% (- 10%5A(1/2) - S0)~(1/2) + 1250* (10*5
A1/2) = 50)7M(1/2) 4 525% (150 - 50%5°(1/2))7(1/2) +25* (50%57(1/2)

4+ 150)A(1/2) 4+ 310% (- 50%57(1/2) - 250)~(1/2) - 30* (50*5°(1/2) - 250)
A1/2) = 100% (750 = 250 % SA(1/2))A(1/2) + 20% (250* 57 (1/2) 4 750)~(1/2)
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- 50% (200%57(1/2) - 1000)~(1/2) - 20%* (- 250* S5~ (1/2) - 1250)~(1/2) + 170
*(250%57N(1/2) - 1250)7N(1/2) = 5*%(3750 - 1250*57~(1/2))~(1/2) - 5* (1250
*SA(L/2) +3750)M(1/2) + 5% (- 1000*57(1/2) - 5000)~(1/2) +20* (1000*5
AL/2)y - 5000)7(1/2) - 5% (- 5000%5°(1/2) - 25000)~(1/2) - 15500)/(5000%*5
AT/2) +410% (150 - SO*S5A(1/2))7M(1/2) = 10* (50*57(1/2) + 150)~(1/2)

S 180* (750 - 250 % 5A(1/2) )~ (1/2) + 20% (250 %5A(1/2) + 750)A(1/2) + 2
*(3750 - 1250*57(1/2))™M(1/2) - 2% (1250*5~(1/2) + 3750)~(1/2) - 33800)
-1/2:

> C2,, = Simplz:fjf( szlj)5
(“2‘\'0/] = (6)

L +(200—1zoﬁ—171\/ 25 +10 +231J5 ¢ 25 +10
80 \/—_5

+341\/2ﬁ+1o>

> Re( Czsoll ) >

1200 —120/5

)
i 80 \/? -5
> Im(('ZSUH);
117y =25 410 4235 =25 +10 43425 +10 ®
80 \/?75
> evalf (abs(C2,,,) ):
L 0.9999999994 )
Im(CZm”) ]]
atan| evalf | —————
> evalf ( [ Re(CZSOH)
: 2-Pi
5
L -1.000000000 (10)
> €3, = ((8900%57(1/2) + 2100* (- 2*57(1/2) - 10)~(1/2) - 1050* (2*57(1/2)

S 10)A(1/2) +50% (- 10*S5M(1/2) - 50)~(1/2) + 1250* (10*57(1/2) - 50)" (1
12) + 525*% (150 - 50*5~(1/2))"(1/2) +25*(50*5~(1/2) + 150)~(1/2) + 310
F(=50*5M(1/2) - 250)7(1/2) = 30*% (50* 57 (1/2) - 250)~(1/2) - 100* (750
= 250%5°(1/2))M(1/2) +20% (25057 (1/2) +750)7(1/2) - 50* (200% 57 (1/2)
- 1000)~(1/2) = 20% (- 250*57(1/2) - 1250)~(1/2) + 170* (250 * 57 (1/2)
= 12500~ (1/2) = 5* (3750 - 1250 *5~(1/2))~(1/2) = 5* (1250*5~(1/2) + 3750)
M1/2) + 5% (- 1000*57(1/2) - 5000)~(1/2) +20* (1000*57~(1/2) - 5000)~(1
/2) = 5% (= 5000*5~(1/2) - 25000)~(1/2) - 15500)/(5000*5~(1/2) + 410
150 = 50*%57M(1/2))M(1/2) = 10* (50*57(1/2) + 150)~(1/2) - 180* (750
= 250%5°(1/2))M(1/2) +20% (250*57(1/2) +750)7(1/2) + 2% (3750 - 1250*5
AM/2))M(1/2) = 2% (1250*57(1/2) +3750)~(1/2) - 33800) - 1)*(5~(1/2)/2
-1/2):

> (3., = Simplz\'}‘jr( C3w//)5

(1D
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Cjﬂ,,::L — L ((ciri/2vF 410 423195V 245 110 +40F 11)
1160 5 s

+3414 25 +10 +200) (\/?—1))

=> Re( C‘gm/] ) ;

(#ﬁ—#] (405 +200)

160 160 (12)
i J5 =5
> Im(Cj’soH);
( 120 ﬁ—%j (c17/ 25 +10 +23y5 295 +10 +34 295 +10 )
O
(13)
i J5 =5
> eva/f(abs( C3m”) );
i 0.9999999994 (14)
Im(C3,
atan(evalf'( #350”3 ] ]
> evalf R soll .
5
0.4999999996 15)

> C4 == ((SM1/2)/2 - 1/2)* (8900 * 57 (1/2) + 2100* (- 2*57(1/2) - 10)"(1/2)
= 1050* (2*57(1/2) - 10)"(1/2) +50* (- 10*57(1/2) - 50)~(1/2) + 1250
FLO*FS5A(1/2) = 500" (1/2) + 525 (150 - 50*5~(1/2))~(1/2) + 25* (50* 57 (1
[2) +150)~(1/2) +310% (- 50*5~(1/2) - 250)7(1/2) - 30* (50*57(1/2)
= 250)7(1/2) - 100* (750 - 250*5~(1/2) )™M (1/2) +20* (250*5~(1/2) + 750)
AL/2) = 50%(200%57M(1/2) - 1000)~(1/2) - 20% (- 250*57(1/2) - 1250)~(1
/2) +170* (250 ¥ 57(1/2) - 1250)~(1/2) - 5* (3750 - 1250*5~(1/2) )~ (1/2) - 5
*(1250*57(1/2) +3750)~(1/2) +5* (- 1000*57(1/2) - 5000)"~(1/2) + 20
*(1000* 57 (1/2) = 5000)~(1/2) = 5% (= 5000*57N(1/2) - 25000)~(1/2) - 15500)
)/ (5000*57(1/2) +410* (150 - 50*57(1/2))~(1/2) - 10* (50*5~(1/2) + 150)
AL/2) = 180* (750 - 250 * 52 (1/2))~(1/2) +20* (250*5~(1/2) +750)7(1/2)
4+ 2% (3750 - 1250 %5~ (1/2))y~(1/2) = 2% (1250*5~(1/2) + 3750)"(1/2)

- 33800) - 1:
> 4, = SI.}')lplljﬁ’( C4SU”);

C4,,]::L — 1 (2015275 +10 —661/ 243 +10 (16)
SO, 80 \/?_5

—171J5 V25 +10 +80J?+171\/2ﬁ+10>

=> Re( C4soll ) >

=> Im ( 4 ) R

76




C5_postmatlab2.mw

L b (0525 +10 =664 275 +10 =174 2Y5 +10 5

80 /5 —5s

+17/2\/?+10)

=> eva/f( abS( C4.w/]) )’

L 0.9999999999
Im(C4,
atan(evalf'( (7””) ] ]
> evalf Re( oo ) ;
2-Pi ’
5
L -0.4999999999
>

S 1250%5A(1/2))A(1/2) - 2% (1250% 5A(1/2) + 3750)~(1/2) - 33800)

> C5,w/2 = Sf’”ﬂh/ﬁ’( C5s()l.7);
5

sol2

L %(200—120ﬁ—171\/ 245 +10 42315V -25 +10

80 /5 5

| 341 275 +10)
> Re(C5s0[_,);

1200 —1205

N

=> Im(Cjwl_,);

1 -17Y =25 +10 4235 Y -2/5 +10 +34Y 25 +10
80 \/?_5

=> CVa'lf.(abs( Cj.wlz) ) ;

0.9999999994

> 05, = (2100% (= 2%57(1/2) - 10)~(1/2) - 8900 %5 (1/2) - 1050 % (2%57(1/2)
S 10)A(1/2) +50% (- 10%57(1/2) - 50)~(1/2) + 1250%* (10*57°(1/2) - 50)~(1
/2) = 525% (150 - 50% 5~ (1/2))A(1/2) - 25% (50*5°(1/2) + 150)~(1/2) + 310
£ (= 50*5A(1/2) - 250)7(1/2) - 30* (50*5°(1/2) - 250)~(1/2) + 100* (750
- 250%5A(1/2))M(1/2) - 20% (250 % 57(1/2) + 750)~(1/2) - 50* (200%5°(1/2)
S 1000)A(1/2) = 20% (= 250*57(1/2) - 1250)A(1/2) + 170* (250*5°(1/2)
- 1250)7(1/2) 4 5% (3750 - 1250%57(1/2))7(1/2) + 5% (1250%5°(1/2)
+3750)A(1/2) 4+ 5% (- 1000%5°(1/2) - 5000)~(1/2) + 20* (1000*5°(1/2)
= 5000)A(1/2) = 5% (= 5000%5°(1/2) - 25000)~(1/2) + 15500) /(5000* 5 (1/2)
+410% (150 - 50*5°(1/2))7(1/2) - 10* (50*5~(1/2) 4+ 150)7(1/2) - 180
(750 - 250 % 5°(1/2))A(1/2) +20% (250*5°(1/2) + 750)~(1/2) + 2* (3750

a18)

19

20

@1

(22)

23

249
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Im(C5,
atan| evalf’ 7( ,w[?)
Re( C 55(112 )
> evalf i ;
5
| - 1.000000000 25)
> C2 5 =5"1/2)/2 - (2100%* (- 2*57~(1/2) - 10)"~(1/2) - 8900* 5~ (1/2) - 1050 * (2

FSAM/2) = 10)M(1/2) +50* (- 10*57(1/2) - 50)7(1/2) + 1250* (10*57~(1
/2) =50V (1/2) = 525% (150 - 50*5°(1/2))7(1/2) = 25*(50*57(1/2) 4+ 150)
AML/2) +310% (- 50*%57N(1/2) - 25007~ (1/2) - 30* (50*%57(1/2) - 250)"(1/2)
4+ 100 * (750 - 250 %5~ (1/2))~(1/2) - 20* (250 *57(1/2) + 750)~(1/2) - 50
£(200%57(1/2) = 1000)7(1/2) = 20% (- 250*57(1/2) - 1250)~(1/2) + 170
¥(250%5MN(1/2) - 1250)~(1/2) + 5% (3750 - 1250*5~(1/2))~(1/2) + 5% (1250
FSAL/2) + 375007 (1/2) + 5% (= 1000*57(1/2) - 5000)~(1/2) +20* (1000*5
A(1/2) = 5000)~(1/2) = 5% (= 5000%5A(1/2) - 25000)~(1/2) + 15500) / (5000 * 5
AL/2) +410% (150 - 50*5A(1/2))~(1/2) - 10* (S0*57(1/2) + 150)"(1/2)

- 180% (750 - 250 * 57 (1/2))M(1/2) +20* (250*57(1/2) + 750)7(1/2) + 2

* (3750 - 1250*%57(1/2))M1/2) - 2* (1250*57(1/2) + 3750)~(1/2) - 33800)
-1/2:

B €2 = simp]gfif( ('250,2):

(‘2.\'0/_7 = (26)
L ;(—171\/ 245 410 42315 ¢ 245 +10 +120(5
80 /5 -5
| 34125 +10 —200)
> Re(CZSa]Z);
11205 —200 @7

80 /5 -5
> Im(CZSOD);
1 =17 =25 410 4235 =25 +10 +34V 25 +10 28)
80 J35 -5

> evalf (abs(€2,,,)):

L 0.9999999994 29)
i N i Im(CZM_,)
oy atan[eva[f( RC(CZMQ) ]]
: 2-Pi
5
L 1.000000000 30)
[ > C3 o =- ({2100 (- 257 (1/2) - 10)7(1/2) - 8900* 57 (1/2) - 1050* (2*57(1/2)

- 10)A(1/2) +50% (- 10%5°(1/2) - 50)A(1/2) + 1250* (10*5°(1/2) - 50)~(1
/2) = 525% (150 - S0*5A(1/2))7(1/2) - 25* (50*5~(1/2) 4 150)~(1/2) + 310
(= 50%5°(1/2) - 250)7(1/2) - 30* (50*5°(1/2) - 250)~(1/2) + 100* (750
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C5_postmatlab2.mw

S 250%5A(1/2))M(1/2) = 20% (250%5A(1/2) + 750)~(1/2) - 50* (200*5~(1/2)
- 1000)A(1/2) = 20% (- 250%57°(1/2) - 1250)7(1/2) + 170* (250*5°(1/2)

S 1250)7(1/2) 4 5% (3750 - 1250%5°(1/2))7(1/2) + 5% (1250%5°(1/2)
+3750)A(1/2) 4 5% (- 1000%57(1/2) - 5000)~(1/2) + 20* (1000*5°(1/2)

- 5000)7(1/2) = 5% (- 5000% 5 (1/2) - 25000)~(1/2) + 15500) / (5000*5°(1/2)
+410% (150 - 50*5°(1/2))7(1/2) = 10* (50*5~(1/2) + 150)7(1/2) - 180
£(750 - 250*5°(1/2))7(1/2) +20% (250*5°(1/2) + 750)~(1/2) + 2* (3750

S 1250 5A(1/2))A(1/2) - 2% (1250% 57 (1/2) 4+ 3750)A(1/2) - 33800) + 1) * (5
ALI2)/2-1/2):

_> 6‘3.\‘()12 = Sl‘}‘ﬂp/l‘fj'( C3.\'(ﬁ/2);

c3 = ! ((—171\/—2ﬁ+10+z31ﬁ\/—2ﬁ+10—4oﬁ 31

sol2 = 160 \/? 5

+3414 25 +10 —200) (\/?—1))

=> Re( C3Sa]_7 ) ;

( #\/?Jr#] (-40y5 —200)

160 160 32)
i J5 =5
> Im(C3s0[_,);
%((— 1 H+Lj(-17/-zﬁ+1o+23ﬁ\/-2ﬁ+10 (33)
J5 =5 160 160
+34/2\/?+10))
=> eva/f(abs( C3.m/2) );
i 0.9999999994 (34)
Im(C3,,)) ]]
atan| evalf | —————
> evalf ( ( Re(C.?le) ;
2-Pi ’
5
-0.4999999996 35)

> 4, = ((5M(1/2)/2 - 1/2)% (2100% (- 2#5~(1/2) - 10)7(1/2) - 8900*5~(1/2)
- 1050% (2% 5°(1/2) - 10)A(1/2) 4+ 50% (- 10%5°(1/2) - 50)~(1/2) + 1250
£ (10*5°(1/2) - 50)M(1/2) = 525% (150 - 50%5°(1/2))7(1/2) - 25% (50* 5~ (1
/2) + 150)~(1/2) + 310% (- 50*5~(1/2) - 250)7(1/2) - 30* (50*5~(1/2)
- 250)7(1/2) + 100%* (750 - 250 %57 (1/2))~(1/2) - 20* (250*5~(1/2) + 750)
AL/2) = 50% (200557 (1/2) = 1000)~(1/2) - 20% (- 250%5°(1/2) - 1250) (1
/2) + 170% (250 % 5A(1/2) - 1250)~(1/2) + 5% (3750 - 1250*5~(1/2))"(1/2)
+ 5% (1250% 57 (1/2) + 3750)M(1/2) 4+ 5* (- 1000*57(1/2) - 5000)~(1/2) + 20
£ (1000% 57 (1/2) = 5000)~(1/2) = §* (- 5000*57(1/2) - 25000)~(1/2)
+ 15500)) /(5000 %5~ (1/2) 4+ 410% (150 - 50%57(1/2) )7 (1/2) - 10* (50*5~(1
/2) + 150)7(1/2) - 180* (750 - 250* 57 (1/2))7(1/2) 4+ 20%* (250*5~(1/2)
4+ 750)A(1/2) 4 2% (3750 - 1250%5A(1/2) )~ (1/2) - 2% (1250 *5°(1/2) + 3750)
A(1/2) - 33800) - 1:
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> 4, = Simpl{fjr( C4w[_7);

. I I — =
= 5 - — -
o= g S (2015 -2V5 +10 =661/ 2435 + 10

—171J5V2J5 +10 —80ﬁ+171\/2\/?+10)

B Re(C4,,,):

5
J5 =5

=> Im( C4m/_7 ) ;

L1 (y0y5/ 25 +10 66y 295 +10 — 17243 +10 V5

80 \/?_5

+17/2\/?+10)

=> eva/f( abS( C4so/2) ) ;

0.9999999999

Im(C4.
atan| evalf’ (7“][2)
/ Re( C 45012) i
> evalf i ;
5
L 0.4999999999
>

(36)

37

(3%

39

“0)

80




References

[1] Abramowitz M., Stegun I., “Handbook of mathematical functions with formulas, graphs, and mathematical

tables”, Dover, New York, 1964.

[2] Adamyan V., Tishchenko S., “One-electron states and interband optical absorption in single-wall carbon nan-

otubes”, J. Phys.: Condens. Matter, 18, 2007.

[3] Albeverio S., Gesztesy F., Hoegh-Krohn R., Holden H., “Solvable models in quantum mechanics”, Springer,
New York, 1988.

[4] Arfken G. B., Weber H. J., “Mathematical methods for physicists”, Elsevier, 2005.

[5] Baz’ A. 1., Zel’dovich Ya. B., Perelomov A. M., “Scattering, reactions, and decays in nonrelativistic mechanics”

(in Russian), Nauka, Moscow, 1971.
[6] Darboux G., “Sur une proposition relative aux équations linéaires”, C. R. Acad. Sci Paris, 94, 1456-1459, 1982.

[7] Demkov Yu. N., Ostrovskii V. N., “Zero-range potentials and their applications in atomic physics”, Plenum

Press, New York, 1988.
[8] Derevianko A., “Revised Huang-Yang multipolar pseudopotential”’, Phys. Rev. A, 72, 044701, 2005.
[9] Doktorov E. V., Leble S. B., “A dressing method in mathematical physics”, Springer, London, 2006.

[10] Drukarev G., “The zero-range potential model and its application in atomic and molecular physics”, Adv.

Quantum Chem., 11, 251-274, 1979.

[11] Fermi E., “Sopra lo spostamento per pressione delle righe elevate delle serie spettrali”, II Nuovo Cimento, 11,

157-166, 1934.
[12] Huang K., “Statistical mechanics”, Wiley, New York, 1963.

[13] Huang K., Yang C.N., “Quantum-mechanical many-body problem with hard-sphere interaction”, Phys. Rev.,
105, 767-775, 1957.

[14] Idziaszek Z., Callarco T., “Pseudopotential method for higher partial wave scattering”, Phys. Rev. Lett., 96,
013201, 2006.

[15] Leble S. B., Yalunin S., “A dressing of zero-range potentials and electron—molecule scattering problem at low

energies”, Phys. Lett. A, 339, 83-88, 2005.

81



[16] Matveev V. B., Salle M. A., “Darboux transformations and solitons”, Springer-Verlag Berlin, Heidelberg, 1991.

[17] Stampfer F., Wagner P., “A mathematically rigorous formulation of the pseudopotential method”, J. Math.
Anal. Appl., 342, 202-212, 2008.

[18] Stock R., Silberfarb A., Bolda E. L., Deutsch I. H., “Generalized Pseudopotentials for Higher Partial Wave

Scattering”, Phys. Rev. Lett., 94, 023202, 2005.

[19] Tishchenko S., “Ballistic conductance and impedance of one-dimensional systems”, Ukrains’kyi Fizychnyi Zhur-

nal, 50, 980-985, 2005.
[20] Wodkiewicz K., “Fermi pseudopotentials in arbitrary dimensions”, Phys. Rev. A, 43, 68-76, 1991.

[21] Yurov A. V., “Darboux transformation in quantum mechanics” (in Russian), Kaliningrad University, Kalin-

ingrad, 1998.

82



